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Force Analysis of Statically
Balanced Serially Connected
Manipulators Using Springs
Based on Torque Compatibilities
Associated With Accumulative
Joint Angles
Force analysis with regard to serial connected manipulators is discussed thoroughly in the
past. However, force analysis of statically balanced manipulator using springs has not been
widely addressed because spring forces and motions do not share an immediate association.
In this article, spring forces are represented as accumulative joint angles of links crossed by
springs and attached angles/lengths of springs. Torque equilibrium equations regarding the
preconnected joint of a typical link as contributed by gravity force and spring force can be
inwardly formed link by link from the end link. Compatibility with the same accumulative
joint angle can be formulated under static balance conditions. Hence, spring attachment
parameters such as spring stiffness and attachment lengths are constrained by given link
properties and spring attachment angles. Thus, spring forces can be determined by a
chosen set of stiffness and attached lengths of springs, and the joint reaction force can
then be determined. Example figures of 3-degrees-of-freedom (DOFs) manipulators show
that joint reaction forces are reduced by 22.6%, 40.1%, and 75.7% at joints 1, 2, and 3,
respectively, than those without springs. It is found that besides balancing gravity, the sta-
tically balanced manipulator is with lower joint reaction forces. Hence, the manipulator can
be more lightweight by using compact joints and links with the same material. Furthermore,
the static and dynamic performance of the manipulator can be improved by the effect of
reduced joint reaction forces as well. [DOI: 10.1115/1.4056960]

Keywords: spring static balance, joint reaction force, serially connected manipulator,
force analysis, mechanism design, robot design, theoretical kinematics

1 Introduction
Analysis of joint reaction forces on joints of serial connected

manipulators is discussed in the robotics field already [1–3].
These manipulators are used in industry or manufacture [4], or
for assisting users with certain functions [5]. For instance, surgical
robot arms such as the daVinci Surgical Robot system assist doctors
to do surgeries [6,7]; and exoskeletons such as artificial arms, legs,
or trunks help patients with muscular weakness to do their daily
activities or rehabilitation [8–10].
To drive the aforementioned manipulators, it usually requires

objects that might need a lot of effort to start. Gravity balance is
a way to compensate the effect gravity has on the manipulator
and to make the operation smoother. One method of achieving
gravity balance is to use springs to eliminate the effect of gravity
on manipulators [11,12]. Torques on each joint of a static balanced
manipulator maintains zero at all times, and the manipulator can
stay at any posture. Herder et al. [13,14] and Deepak and Anantha-
suresh [15] presented a gravity equilibrator by adding springs to the
manipulator to achieve static balance. They focused on the specific
design of equilibrator rather than providing systematic methods for

the manipulator. Chen et al. [16–18] utilized the stiffness block
matrix method to investigate spring configurations and to let a
planar or spatial manipulator to achieve static balance. Huysamen
et al. and Bortoletto et al. [19,20] presented upper limb and finger
static balanced exoskeletons that used springs for movement assis-
tance; Grazi et al. [21] presented an arm exoskeleton that assisted
workers to better manage job tasks. Zhou et al. [22] presented a
lower limb exoskeleton to assist walking; Eguchi et al. [23] pre-
sented a leg exoskeleton for upright locomotion; Hidayah [24] pre-
sented a knee exoskeleton that can do squats. Nguyen et al.
[25,26] presented a robot arm that used gear-spring and delta par-
allel robot with static balance; Woo et al. [27] presented a static
balanced surgical platform that used counterweight and springs
for variable payloads. Martini et al. [28] presented indicators of
joint reaction force and joint moment, which are helpful in evalu-
ating different spring installation configurations. The static balance
method using springs offers some merits, and de Vries et al. [29]
presented an experiment on passive supporting upper limb exo-
skeleton to help workers doing plastering tasks. The exoskeleton
is compact, and its weight is lighter than exoskeleton using
motor to drive. Gosselin [30] presented an experiment on how
manipulators with springs bring higher motor efficiency than
manipulators without springs. Chiang and Chen [31] introduced
a statically balanced manipulator with spring installation that can
be easily adjusted and used for changeable payload. Nguyen
et al. [32] proposed that static balancing can improve motion reli-
ability of the mechanism. However, previous works mostly
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focused on how to reach static balance for manipulators or in other
particular cases.
Gu et al. [33] displayed a fully coupled elastohydrodynamic

model for the static performance analysis of gas foil bearings. Lee
et al. [34] presented the effect of joint friction force on static perfor-
mance of foil journal bearings. It is shown that larger joint reaction
force makes higher pressure or friction on bearings, and thus lower
static performance. Nguyen and Ahn [35] showed that the vibration
of the system base of a linear motor motion stage can be signifi-
cantly reduced with the reaction force compensation mechanisms.
Seo [36] presented an effective designed reaction force compensa-
tor to inhibit vibration from the previous stages using laser direct
imaging process. It can be seen that less reaction force would
reduce the vibration effect on machines. Li and Lee [37] presented
the effect of horizontal reaction force on the deflection of supported
beams under transverse loadings. There are some advantages of the
manipulator with a lower reaction force. For instance, Cocuzza et al.
[38] claimed that the service life of a manipulator may be shorter
than a manipulator under smaller reaction force. Li-Xin and Yong-
Gang [39] presented that the dynamic performance of a planar
2-degrees-of-freedom (DOFs) pick-and-place parallel manipulator
would be enhanced by a lower joint reaction force. It shows that
a larger joint reaction force would increase friction force when
the joint rotates or moves. De Luca [40] showed that a manipulator
could be compact under small enough joint reaction force. Further-
more, it may also increase deflection on the end effector of the
manipulator. Accordingly, with smaller joint reaction forces,
lighter manipulators can be designed. Based on the aforementioned
discussions, it is shown that joint reaction forces affect static and
dynamic performance significantly. It is therefore necessary to
investigate the joint reaction forces for a spring static balanced
manipulator.
In this article, the formulation is used for a planar serial con-

nected manipulator only, and the perfect static balance is achieved
for the manipulator. The structure of this article is as follows. In
Sec. 2, the variation of direction and elongation of spring is
described. The representation of spring forces and joint re-action
forces on a typical link of a static balanced n-link manipulator
with only revolute joints is derived. Section 3 derives formulas of
torque contributions that are affected by gravity, spring forces,
and joint reaction force, with respect to the preconnected joint of
a typical link that can be represented as a function of accumulative
joint angle of links. In Sec. 4, the determination of spring attach-
ment parameters (stiffness and attached lengths) is based on com-
patibility between gravitational torque and springs under static
balanced conditions. Section 5 offers illustrative examples of two
static balanced 3-DOF manipulators, in which one has springs
and the other does not. It shows the reduction effect of joint reaction
forces affected by spring forces at each link. The merits for the sta-
tically balanced manipulator from lower joint reaction force are pre-
sented. Finally, Sec. 6 provides the conclusion.

2 Spring Forces Representation of a Typical Link
Consider a single-link manipulator connected with a revolute

joint at joint rotation angle 45 deg and 150 deg, as shown in
Fig. 1, and that a zero-free-length spring is achieved by a cable
and a pulley. Therefore, two ends of the spring can be regarded
as connecting to the ground link and link 2 with zero-free-length
characteristic. The direction and magnitude of the spring force
can be affected by joint rotation angle and spring-attached parame-
ters, which refer to spring stiffness and attached angles/lengths.
With an uncertain spring attachment configuration, we cannot
determine the spring force, as well as the joint reaction force on
the preconnected joint of the link.
Consider a serially connected n-link manipulator, as shown in

Fig. 2, where all the links are postconnected and preconnected
with a revolute joint only. It would be assumed that the mass
center of the link is in the middle location. For a typical link as

shown as link j (2≤ j≤ n), it is attached by a preconnecting spring,
whose both ends are connected to link i and link j (2≤ i< j), and
known as si,j, and a postconnecting spring, which is connected to
link j and link k ( j< k≤ n), and known as sj,k. Springs are arranged
to a zero-free-length condition by cables and pulleys. There are
two assumptions for springs: first, springs are zero-free-length and
they are always in tension; second, there should be at most one
spring attached between two distinct links.
Spring force can be defined by the product of stiffness and vector

of elongation of the spring. As shown in Fig. 2, the vector of elon-
gation of the preconnecting spring, Li,j, is formed by three compo-
nents: the attached vector of spring on link i and link j, and the
vector of links that is crossed by spring. The vector of elongation
of the spring can be expressed as follows:

Li,j = ai,jT(Θ1,i + αi,j) −
∑j−1
q=i+1

rqT(Θ1,q) − bi,jT(Θ1,j + βi,j) (1)

A spring-attached vector is presented as function of the spring-
attached angles and spring-attached lengths, and the link vector is
presented as function of an accumulative joint angle with respect
to the ground and link length. In Eq. (1), T(Θ1,q) is the matrix of
the transferring coordinate system of link q to the coordinate
system of ground link; it can be expressed as follows:

T(Θ1,q) =
cos Θ1,q −sin Θ1,q

sin Θ1,q cos Θ1,q

[ ]
(2)

The accumulative joint angle, Θ1,q, is summation of joint angles
from joints between ground link and link q. As for the postconnect-
ing spring of link j, sj,k, its elongation is also represented by the
vector of elongation of the preconnecting spring of link k with the
opposite direction.
Figure 3 shows the free-body diagram of the manipulator; on the

typical link, link j, it is acted by gravity force, preconnecting spring

Fig. 2 Preconnecting and postconnecting springs connected to
link j, a typical link of a serially connected n-link manipulator

Fig. 1 A single-linkmanipulator with a zero-free-length spring at
joint rotation angle of link 2: (a) 45 deg and (b) 150 deg
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force, postconnecting spring force, reaction force, and external
applied force.
The preconnecting spring force of link j, fi,j, which is from the

attached point of the spring on link j to another one on link i, can
be expressed as follows:

fi,j = ki,jLi,j

= ki,j ai,jT(Θ1,i + αi,j) −
∑j−1
q=i+1

rqT(Θ1,q) − bi,jT(Θ1,j + βi,j)

[ ]
(3)

The postconnecting spring force of link j, fk,j, can be presented as
the preconnecting spring force of link k, f j,k , with an opposite direc-
tion. Based on Eq. (1), the vector of elongation of the preconnecting
spring of link k, and also the postconnecting spring force, can be
expressed as follows:

fk,j =−f j,k =−k j,kL j,k

=−k j,k a j,kT(Θ1,j + α j,k)−
∑k−1
q=j+1

rqT(Θ1,q)− b j,kT(Θ1,k + β j,k)

[ ]

(4)

The effect of joint reaction force on preconnected joint of link j,
Fj−1,j, can be presented as the function of gravity force, spring
forces, and external applied force on postconnected joint of the
link. For the joint connected to the ground, its joint reaction force
means base reaction force. The joint reaction force on the precon-
nected joint of link j can be expressed as follows:

Fj−1,j = −mjg −
∑j−1
i=1

fi,j −
∑n
k=j+1

fk,j − FFj+1,j (5)

In Eq. (5), the external applied force, Fj+1,j, can be presented as
joint reaction force on the preconnected joint of link j+ 1 with an
opposite direction. The joint reaction force on the preconnected
joint of link j+ 1, Fj,j+1, based on Eq. (5), can be expressed as
follows:

F j,j+1 = −mj+1gT(270 deg) −
∑j

i=1

fi,j+1 +
∑n
k=j+2

f j+1,k + Fj+1,j+2

(6a)

The same representation goes with link j+ 2 to link n; here, the
joint reaction force on the preconnected joint of link n is shown
as an example:

Fn−1,n = −mngT(270 deg) −
∑n−1
i=1

fi,n +
∑n
k=n+1

fn,k + Fn,n+1 (6b)

Writing Eq. 6(a) by recursively substituting joint reaction force
into external applied force for n ( j+ 1) times, the equation can be
rewritten as follows:

Fj,j+1 = −
∑n
k=j+1

mkgT(270 deg) +
∑k−1
i=1

fi,k −
∑k−1
v=j+1

fv,k

( )
+ Fn,n+1

(7)

The first summation comes from link j+ 1 to link n for gravity,
preconnecting spring forces, and postconnecting spring forces.
The force on the postconnected joint of link n, Fn,n+1, is a
payload with the opposite sign. The preconnecting spring forces,
fi,k, can be divided into three parts as follows:

∑k−1
i=1

fi,k =
∑j−1
i=1

fi,k + f j,k +
∑k−1
v=j+1

fv,k (8)

Substituting Eq. (8) into Eq. (7) yields

F j,j+1 = −
∑n
k=j+1

mkg[270 deg] +
∑j−1
i=1

fi,k + f j,k + P [270 deg]

( )

(9)

By substituting Eq. (9) into Eq. (5), the joint reaction force on
preconnecting joint of link j is presented as functions of gravity,
spring forces, and payload.

3 Torque Contributions of Springs Regarding
Preconnecting Joint of a Typical Link
Torques acting on the preconnected joint of link j are caused by

the force acting on the link. As shown in Fig. 3, the position vector
of gravity is half of the vector of link j, and the torque caused by
gravity in the preconnected joint of link j can be expressed as
follows:

τg1,j =
1
2
rj[Θ1,j] × mjgT(270 deg) = −

1
2
rjmjgsin(Θ1,j − 270 deg)

(10)

Equation (10) shows that the torque caused by gravity is the func-
tion of accumulative joint angle Θ1,j with coefficient. Figure 3
shows the position vector of preconnecting spring force, which
acts on link j and is the postattached vector of the preconnecting
spring on link j. According to Eq. (3), the torque caused by precon-
necting spring forces can be expressed as follows:

∑j−1
i=1

τsi.j = bi,jT(Θ1,j + βi,j) ×
∑j−1
i=1

fi,j =
∑j−1
i=1

[
−(kab)i,j sin (Θi,j + (βi,j − αi,j)) + (kb)i,j

∑j−1
q=i+1

rqsin(Θq,j + βi,j)

]
(11)

The terms on the right-hand side of Eq. (11) are rearranged by separating the first torque contribution as a term with accumulative joint
angle Θ1,j, and torques with the accumulative joint angle Θ2,j to Θj−1,j are left. Combining the left torques with the second torque contri-
bution, and replacing q and i with each other, the equation can then be rewritten as follows:

Fig. 3 Free-body diagram of a serially connected n-link
manipulator
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∑j−1
i=1

τsi.j= −(kab)1,j sin (Θ1,j + (β1,j − α1,j)) +
∑j−1
i=2

−(kab)i,j sin (Θi,j + (βi,j − αi,j)) +
∑i−1
q=1

(kb)q,jrisin(Θi,j + βq,j)

[ ]
(12)

Equation (12) shows that the torque caused by preconnecting spring force on preconnecting joint of link j is a function of accumulative
joint angles Θ1,j and Θi,j (form Θ2,j to Θj−1,j).
Figure 3 shows that the position vector of postconnecting spring force, f j,k , that acts on link j is the sum of the vector of link j and the

preattached vector of the postconnecting spring on link j. The torque caused by spring force can be expressed as follows:∑n
k=j+1

τsj.k = (rjT(Θ1,j) + a j,kT(Θ1,j + α j,k)) ×
∑n
k=j+1

(−f j,k) = rjT(Θ1,j) ×
∑n
k=j+1

(−f j,k)

+
∑n
k=j+1

(kab) j,k sin (Θ j,k + (α j,k − β j,k)) + (ka) j,k
∑k−1
v=j+1

rv sin (Θ j,v + α j,k)

[ ]
(13)

Rearranging the terms on the right-hand side of Eq. (13) by combining the second torque contribution with the third torque contribution,
and by replacing v and k with each other, the equation can be rewritten as follows:

∑n
k=j+1

τsj.k = T(Θ1,j) ×
∑n
k=j+1

(−f j,k) +
∑n
k=j+1

(kab) j,k sin (Θ j,k + (β j,k − α j,k))

+
∑k−1

v=j+1
(ka) j,vrk sin (Θ j,k − α j,v)

⎡
⎢⎣

⎤
⎥⎦ (14)

Equation (14) shows that the torque caused by postconnecting springs that acts on the preconnecting joint of link j is a function of accu-
mulative joint angleΘj,k (fromΘj,j+1 toΘj,n). Figure 3 shows that the position vector of external applied force, F j+1,j, that acts on link j is the
vector of link j. According to Eq. (9), the torque caused by external applied force can be expressed as follows:

τej,j+1 = rjT(Θ1,j) × −Fj,j+1 = rjT(Θ1,j) ×
∑n
k=j+1

mkgT(270 deg) +
∑j−1
i=1

fi,k + f j,k + PT(270 deg)

( )
(15)

External applied force is a function of gravity, spring force, and payload. It should be noted that the direction of the payload, P, is parallel
to the direction of gravity. Based on Eqs. (10), (12), and (14), the torque caused by the external applied force can be rewritten as follows:

τej,j+1 =
∑n
k=j+1

−rj(mkg + P)sin(Θ1,j − 270 deg) − (ka)1,krj sin (Θ1,j − αi,k)

+
∑j−1
i=2

−(ka)i,krj sin (Θi,j − αi,k) +
∑i−1
q=1

kq,krirjsin(Θi,j)

[ ]
+ rj[Θ1,j] × f j,k

−
∑j−1
i=1

(kb)i,krj sin (Θ j,k + βi,k) +
∑k−1

v=j+1
ki,vrkrjsin(Θ j,k)

[ ]

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(16)

Equation (16) shows that the torque is a function of accumulative
joint angles Θ1,j, Θi,j, and Θj,k.

4 Torque Compatibilities Associated With
Accumulative Joint Angles
For a statically balanced manipulator, the torque acting on the

preconnected joint of each link will be in an equilibrium state.
The torque equilibrium of link j can be expressed as follows:

τg1,j +
∑j−1
i=1

τsi.j +
∑n
k=j+1

τsj.k + τej,j+1 = 0 (17)

Torques can only cancel each other if they have the same phase.
Hence, Eq. (17) does not entirely show the statically balanced con-
dition, while the torques caused by different forces have different
phases. Substituting Eqs. (10), (12), and (14) into Eq. (17), and col-
lecting torques associated with accumulative joint angle Θ1,j, Θ2,j to
Θj−1,j, and Θj,j+1 to Θj,n, torque equilibrium shown in Eq. (17) can
be distinguished as three equations and expressed as follows:

−rj
1
2
mjg + mkg + P

( )
sin(Θ1,j − 270 deg)

−(kab)1,j sin (Θ1,j + (β1,j − α1,j))

−
∑n
k=j+1

(ka)1,krj sin (Θ1,j − α1,k) = 0 for j = 2 . . . n (18)

−(kab)i,j sin (Θi,j + (βi,j − αi,j)) + (kb)1,jrisin(Θi,j + β1,j)

+
∑i−1
q=2

(kb)q,jrisin(Θi,j + βq,j) −
∑n
v=j+1

(ka)i,vrj sin (Θi,j − αi,v)

+ k1,vrirjsin(Θi,j) + kq,vrirjsin(Θi,j) = 0

for j = 2 . . . n and for i = 2 . . . j − 1 (19)

(kab) j,k sin (Θ j,k + (β j,k − α j,k)) −
∑j−1
q=1

(kb)q,krj sin (Θ j,k + βq,k)

+
∑k−1
v=j+1

(ka) j,vrk sin (Θ j,k − α j,v) − ki,vrjrksin(Θ j,k) = 0

for j = 2 . . . n and for k = j + 1 . . . n (20)

For link j, comparing Eqs. (19) and (20), the coefficient in the sin
function for both torques is the same, but the accumulative joint
angles Θi,j and Θj,k are different. However, when a number
ranging from 2 to n is brought into j, the accumulative joint
angles Θi,j and Θj,k will be repeated. For example, when j equals
3 and i equals 2 in Eq. (19), it overlaps with j equals 2 and k
equals 3 in Eq. (20). In accordance, this article only discusses
Eqs. (18) and (19). By Ref. [41], the preattached angle and postat-
tached angle of ground-attached springs are 90 deg and 0 deg,
respectively, which can be expressed as follows:

α1,j = 90 deg for j = 2 . . . n (21a)
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β1,j = 0 deg for j = 2 . . . n (21b)

The preattached angle and postattached angle of
non-ground-attached springs are 180 deg and 180 deg, respec-
tively; which can be expressed as follows:

αi,j = 180 deg for j = 2 . . . n and for i = 2 . . . j − 1 (22a)

βi,j = 180 deg for j = 2 . . . n and for i = 2 . . . j − 1 (22b)

Substituting Eqs. (21a), (21b), and (22a)–(22b) into Eqs. (18)
and (19), the coefficient compatibility between gravity and
springs can be formulated as follows:

(kab)1,j +
∑n
k=j+1

(ka)1,krj = rj
1
2
mjg + mkg + P

( )
for j = 2 . . . n

(23)

−(kab)i,j + (kb)1,jri +
∑i−1
q=2

(kb)q,jri −
∑n
v=j+1

(ka)i,vrj +
∑i−1
q=1

kq,vrirj = 0

for j = 2 . . . n and for i = 2 . . . j − 1 (24)

Noted that, the stiffness and attached length of springs cannot be
negative numbers in the framework of this article. Based on
Eq. (23), given the link properties, coefficient compatibility with
the accumulative joint angle between ground-attached springs can
be obtained. The order of selecting the attachment parameters of
ground-attached springs is from the spring with a large number
of bridging to the spring with a small number of bridging. Based
on Eq. (24), after selecting the attachment parameters of
ground-attached springs, the order of selecting attachment parame-
ters of non-ground-attached springs can also be carried out in the
same manner, which is from the spring with a large number of
bridging to the spring with a small number of bridging. In this
way, the attachment parameters of springs that are in statically
balanced conditions are selected by coefficient compatibility.
After choosing a set of solutions for stiffness and attached length

of springs with the known attached angle of springs, the direction
and elongation of spring force are mere functions of accumulative
joint angles, which means that the spring force is then known.
Based on Eq. (8), reaction force that acts on preconnected joint of
links can be formulated with only accumulative joint angles and
can be determined inwardly from end link of the manipulator as
the process of robotics.

5 Illustrative Examples: A Statically Balanced
3 Degrees-of-Freedom Manipulator
A statically balanced 3-DOF manipulator without springs is

shown in Fig. 4(a); the manipulator that has four springs, s1,2, s1,4,
s2,3, and s2,4, is shown in Fig. 4(b). These springs are connected to
the ground link and are arranged by cable and pulley to let them
pass through joint and the connected points of springs as
zero-free-length springs [42]. Springs installed on the ground link
have required space for their free-length and elongation. This
method allows normal springs to achieve zero-free-length character-
istic practically. The manipulator in both figures is at joint relative
angles of link 2, link 3, and link 4, respectively, at 45 deg,
315 deg, and 280 deg. The attached angles and attached lengths of
springs do not vary along with the movements of the manipulator.
It is assumed that the mass values of links are 30, 26, and 18 (kg)
and the lengths of links are 0.4, 0.35, and 0.3 (m) for link 2, link
3, and link 4, respectively, and the payload is assumed as 180 (N)
in Table 1.
With the example, the stiffness and attached length of the

ground-attached spring s1,4 and s1,2 based on Eq. (23) can be
expressed as follows:

(kab)1,4 = r4
1
2
m4g + P

( )
= 80.5 (25)

(ka)1,4 =
1
2
m3g + m4g + P

( )
= 483.8 (26)

(kab)1,2 = r2
1
2
m2g + m3g + m4g + P

( )
− (ka)1,4r2 = 109.8

(27)

Based on Eqs. (25)–(27), the postattachment length of spring s1,4
is determined as 0.17 (m). Based on Eq. (26), it can be assumed that
the preattached length is 1.1 (m), and the spring stiffness is 440.8
(N/m). Based on Eq. (27), it can be assumed that the preattached
length and postattached length of spring s1,2 are 0.7 and 0.2 (m),
respectively, and the spring stiffness is 784.8 (N/m).
For non-ground-attached springs, s2,4 and s2,3, the selected spring

parameters of ground-attached springs are substituted into Eq. (24),
and their stiffness and attached lengths can be expressed as follows:

(kab)2,4 = (kb)1,4r2 = 29.6 (28)

(kb)2,4 = (kb)1,4 = 74.9 (29)

(kab)2,3 = k1,4r2r3 + k2,4a2,4r3 = 95.9 (30)

Based on Eqs. (28) and (30), the preattached length of spring s2,4
is determined as 0.4 (m); assuming its postattached length is 0.3 (m),

Fig. 4 3-DOF manipulators: (a) without springs and (b) with springs s1,4, s2,4, s2,3, and s1,2
(joint angle θ2=45 deg, θ3=315 deg, and θ4=280 deg)
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and with reference to Eq. (29), its spring stiffness is then determined
as 243.9 (N/m). Based on Eq. (30), it is assumed that the preattached
length and postattached length of spring s2,3 are 0.25 and 0.35 (m),
respectively; its spring stiffness is then determined as 2554 (N/m).
The attached lengths of springs are shown in Table 2.
With determined spring-attached parameters, joint reaction force

can be determined by investigating the effect of spring forces on
joint reaction forces. Substituting link parameters and spring-
attached parameters into Eq. (3), and then substituting its
outcome into Eq. (9), the reaction force on the preconnected joint
of link 4, link 3, and link 2 can be expressed as follows:

F3,4 = −356.6[270 deg]

− (484.1[90 deg] − 176.3[Θ2,1] − 154.3[Θ3,1]) (31)

F2,3 = −611.6[270 deg]

− (484.1[90 deg] − 238.6[Θ2,1] + 242.2[Θ3,1]) (32)

F1,2 = −905.9[270 deg]

− (1033.5[90 deg] − 133.1[Θ2,1] − 128.9[Θ3,1]) (33)

From Eqs. (31)–(33), it can be seen that the gravity force does not
vary along the movements of the accumulated joint angles. On the
contrary, unlike gravity force, the torque contribution caused by
springs varies due to the different postures of the manipulator.
Assuming the range of motion as θ2:0 deg –90 deg,
θ3: − 90 deg –90 deg, and θ4:0–360 deg, and substituting them
into Eqs. (31)–(33), the spring forces of the manipulator with
gravity balance can be obtained as the terms in the parentheses
shown in Fig. 5.
The joint reaction forces of the manipulator with gravity balance

can be acquired as shown in Fig. 6. As for the manipulator without
springs but has massless motors installed to maintain statically
balanced condition, the joint reaction force on the preconnected
joint of links would be caused only by gravity. According to
Eqs. (30)–(32), the joint reaction force is the first term, which is
associated to 270 deg only, as shown in Fig. 6. From the global
coordinated system’s perspective, the joint reaction force does not
vary along the different postures of links.
During the motion of the manipulator, the percentage of area for

decreased reaction force can be obtained by dividing the amount of
data of reduced reaction forces by the total amount of data. For
example, the percentage of reaction force with spring forces is sim-
ilarly about 100% for link 4, link 3, and link 2. Comparing the var-
iation of root-mean-square (RMS) of the reaction force with springs
to those without springs, each link has decreased by 34.5%, 34.5%,
and 68.4%, respectively. Hence, the reaction force on each link is
not optimized with spring stiffness or attached lengths. This
3-DOFmanipulator with springs is an example that shows the deter-
mination of spring-attached parameters and the variation of reaction
force. Therefore, this result merely shows the potential ability of
spring forces in reducing joint reaction forces. The joint reaction
forces may be entirely reduced through some spring installation
configurations. In this study, the result shows the difference of
joint reaction force between manipulator with springs and without

Table 2 Attached length and stiffness of the springs s1,4, s1,2,
s2,4, and s2,3

si,j s1,4 s1,2 s2,4 s2,3

ai,j (m) 1.10 0.70 0.40 0.25
bi,j (m) 0.17 0.20 0.30 0.35
ki,j (N/m) 440.8 784.8 243.9 2554

Table 1 Mass and length of link 2, link 3, and link 4 of the 3-DOF
manipulator

Link j 2 3 4

mj (kg) 30 26 18
rj (m) 0.4 0.35 0.3

Fig. 5 Spring force of a 3-DOF manipulator with gravity balance in a range of motion: magni-
tude of spring force on (a) link 4, (b) link 3, and (c) link 2
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springs in achieving static balance. Definitely, there are other sets of
spring-attached parameters that can reach static balance. However,
which of these sets of solutions best optimizes joint reaction force
and leads to the best spring attached installation is not the main
purpose of this article. By reducing joint reaction force, the manip-
ulator could reach the same purpose with lower strength of joints
and links. Based on using more compact links, it makes the
weight of manipulator lighter and the life expectancy of joints
longer by lower joint reaction force.

6 Conclusions
This article presents the analysis of joint reaction forces by spring

attachment parameters determination based on torque compatibility
under statically balanced conditions. While torques on each joint
caused by gravity, spring force, and external applied force in
terms of accumulated joint angles maintain equilibrium, the com-
patibility of the stiffness, attached lengths of springs can be
obtained with the given spring-attached angles. The postattached
length of ground-attached springs is therefore determined, and the
product of its stiffness and preattached length is equal to constant.
The spring stiffness and attached lengths of non-ground-attached
springs are constrained by the stiffness and postattached length of
ground-attached springs. With designed spring-attached parame-
ters, joint reaction force can be determined inwardly from the end
link. In the example of the 3-DOF statically balanced manipulator,
the comparison of joint reaction forces between manipulators with
and without springs shows that these forces are normally reduced
by the effect of springs. Reduced joint reaction forces offer benefits
such as creating lower friction force on joints, and reducing deflec-
tion on the end-point of a robot arm. Furthermore, the manipulator
with lightweight links, that is, with less strength, can be used for
lower reaction forces. This research proposed another consideration
for the design of statically balanced serially connected
manipulators.
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Nomenclature
g = value of gravitational acceleration
P = payload on end link of manipulator
ai,j = preattached length of position vector of spring on link i

from postconnecting joint to attached point of spring on
link i

bi,j = postattached length of position vector of spring on link j
from preconnecting joint to attached point of spring on
link j

fi,j = spring force from attached point of spring on link j to
attached point of spring on link i

ki,j = spring stiffness
mj = mass of link j
rj = length from preconnecting joint to postconnecting joint of

link j
si,j = a spring attached to link i and link j
xj = X-axis vector of coordinate system of link j
yj = Y-axis vector of coordinate system of link j

Fj−1,j = reaction force on preconnecting joint of link j by link j 1

Fig. 6 Joint reaction force of a 3-DOF manipulator with/without static balance in a range of
motion: magnitude of reaction force on (a) link 4, (b) link 3, and (c) link 2
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Li,j = elongation of spring from attached point of spring on link j
to attached point of spring on link i

αi,j = preattached angle of the spring from xi axis of link i to
position vector of spring on link i

βi,j = postattached angle of spring from xi axis of link j to
position vector of spring on link j

θj = angle from xj−1 axis to xj axis
Θi,j = accumulated angle from xi+1 to axis to xj axis
τg1,j = torque caused by gravity force of link j with respect to

preconnecting joint of link j
τsi.j = torque caused by preconnecting spring with respect to

preconnecting joint of link j
τsj.k = torque caused by postconnecting spring with respect to

preconnecting joint of link j
τrj+1,j = torque caused by external applied force acting on

postconnecting joint of link j with respect to
preconnecting joint of link j
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