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Topological Synthesis of
Fractionated Geared Differential
Mechanisms
An efficient and systematic methodology for the topological synthesis of admissible
tionated geared differential mechanisms is presented. Based on the extension of the
automotive gear differential, it is shown that a fractionated geared differential mecha
can be decomposed into a main component and an input component. Characteris
these two components are laid out, and the atlases of admissible input and main co
nents are identified from the existing atlases of non-fractionated geared kinematic ch
With a systematic procedure to choose input and main components and select adm
connecting links, fractionated geared differential mechanisms with three and four in
output links are generated accordingly.@S1050-0472~00!00804-7#
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1 Introduction
Figure 1~a! shows the functional representation of the 2 degr

of-freedom ~dof! geared differential mechanism~GDM!. The
1-input, 2-output GDM has been widely known and used in au
motive drive systems. Hirose@1# introduced a general form an
derived the kinematic constraint equation among input/out
links of the 1-input, 2-output GDM. By assigning the function
one-degree vertices of admissible gear-pair-only tree, Yan
Hsieh @2# derived a methodology to synthesize the atlas of n
coupled and coupled 2-dof GDMs. However, structural isom
phism on GDMs enumerated by this method can not be ave
and the methodology is restricted to GDMs with 1 input and
outputs. By adding a ground to a set of coaxial links of the 1-
geared kinematic chain~GKC! and assigning three of the coaxi
links as input/output links, Hsu and Wu@3# identified the atlas of
2-dof GDMs with 1 input and 2 outputs. However, their approa
is only applicable to 2-dof GDMs and the atlas of 2-dof GDMs a
lack of recognition of admissible input/output links. Kota and B
dare@4# used the automotive gear differential and a 5-link epic
clic gear train as building blocks a novel whiffletree-like mul
outputs GDMs. By adjusting the train values in the different
blocks, the number of outputs in the GDM can be any inte
greater than two.

In this paper, a systematic methodology for the topological s
thesis of admissible fractionated GDMs is developed. The cha
teristics of the 1-input, 2-output gear differential are clarified a
extended to multi-output GDMs. It is shown that a GDM can
decomposed into an input component and a main component
lases of admissible input and main components are identified f
the existing atlases of non-fractionated GKCs. With specifi
number of links and number of input/output links of the GDM
proper input and main components can be chosen from the atl
Thus, admissible GDMs can be enumerated by joining
selected connecting links of the input and main compone
accordingly.

2 Fundamental Characteristics of Geared Differential
Mechanisms

For the automotive gear differential shown in Fig. 1~a!, link 1 is
the input, links 2 and 3 are the outputs, and links 1, 2, and 3
adjacent to link 0, the ground. In graph representation, links
denoted by vertices, gear pairs by heavy edges, revolute joint
thin edges, and the thin edges are labeled according to their
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locations in space. Figure 1~b! shows a pseudo-isomorphic grap
@5# of the gear differential shown in Fig. 1~a!. In Fig. 1~b!, the
input and output links are denoted by rectangles. From Fig. 1~b!,
it can be seen that vertex 5 is a cut-vertex which divides the G
into two components. The first component~0, 1, 5!, a 1-dof geared
mechanism using vertex 1 as the input and vertex 5 as the l
output, is called the input component~IC! of the GDM. The sec-
ond component~2, 3, 4, 5!, a 1-dof GKC using vertex 5 as th
local input and vertices 2 and 3 as the outputs, is called the m
component~MC! of the GDM.

alFig. 1 The standard 2-dof GDM. „a… Functional representation;
„b… pseudo-isomorphic graph representation.
© 2000 by ASME Transactions of the ASME
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In Fig. 1~a!, fundamental circuits are~2, 4!~5!, ~3, 4!~5!, and
~1, 5!~0!. The associated fundamental circuit equations@6# can be
written as

F 0 1 0 2g4,2 g4,221

0 0 1 2g4,3 g4,321

1 0 0 0 2g5,1

G •F w1

w2

w3

w4

w5

G50 (1)

where wi denotes the angular velocity of link i,g i,j56Ni /Nj de-
notes the gear ratio of the gear pair composed of links i and j
the sign of the gear ratio is determined according to the posi
rotation of link i results in a positive or negative rotation of link
along their pre-defined axes of rotation, andNi is the teeth number
of gear i.
Journal of Mechanical Design
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By eliminating w4 and w5 in Eq. ~1!, kinematic constraint equa
tion among angular velocities of the input and output links, w1,
w2, and w3, can be obtained as

~g3,221!w11g5,1w22g5,1g3,2w350 (2)

where

Fig. 2 Admissible ICs with up to 4 links
Fig. 3 Admissible 3-port MCs with up to 7 links. „a… 4-link; „b… 5-link; „c… 6-link; „d… 7-link.
DECEMBER 2000, Vol. 122 Õ 473



Fig. 3 (Continued)
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In the following discussion, GDMs with one input and (n21)
outputs (n>3) will be focused on. As an extension, the fractio
ated GDM is assumed to be decomposed into a geared mecha
as the IC and a GKC as the MC while the two components
connected by a cut-link. By extending Eq.~2!, it is assumed that
the kinematic constraint equations among the input and (n21)
outputs of a GDM can be written as

(
i 51

n

ai•wi50 (4)

where ai and wi are the proportional constant and angular veloc
associated with the i-th input or output link.

It can be seen that the number of independent parameters in
~4! is (n21) since there is one equation with n variables. This
the case of an (n21)-dof geared mechanism, since (n21) inde-
pendent parameters are needed to specify its motion. From
1~b!, it can be seen that the outputs and the ground of the stan
GDM are in opposite components. Since there is only one inpu
the (n21)-dof GDM, the IC is a 1-dof geared mechanism wh
the MC is an (n22)-dof GKC. In addition, it is observed that th
cut-link that connects the two components, the outputs, and
ground are coaxial. Thus, we have

C1. A fractionated GDM with n terminal links is an(n21)-dof
geared mechanism, where a terminal link is defined as an inpu
output link. The terminal links in a GDM are adjacent to th
ground link.

C2. There is one kinematic constraint equation among the
minal links of the GDM. The kinematic constraint equation can
written as Eq. (4).

C3. An (n21)-dof fractionated GDM can be decomposed in
a 1-dof geared mechanism as the IC and an(n22)-dof GKC as
the MC. The IC and MC share a common link but no comm
joint. This common link is called the connecting link.

C4. The ground link, the connecting link and the output links
a fractionated GDM are coaxial.

3 Admissible InputÕMain Components
With the concept of decomposing GDMs, characteristics of

and MC can be further established. The 1-dof IC includes
input and the ground of the GDM. A link, which is adjacent to t
ground in the IC, is used as the local output of the component
as the connecting link to the MC. Thus, we have

C5. The IC of a fractionated GDM is a 1-dof geared mech
nism with its input and local output adjacent to ground.

Figure 2 shows admissible ICs with up to 4 links. In Fig. 2, t
connecting link is represented by a solid rectangle, input link b
hollow rectangle and each m-link IC is coded as IC-m-# with #
its series number. Note that the two-link chain, IC-2-1, is trea
as a degenerate geared mechanism in which the connecting li
used as the input link.

Fig. 4 Admissible 4-port MC with up to 8 links
Journal of Mechanical Design
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The (n22)-dof MC includes (n21) outputs of the GDM. A
link of the MC, which is coaxial to the outputs, is used as the lo
input and as the connecting link to the IC. This leads to the f
lowing characteristic:

C6. The MC of an n-terminal fractionated GDM is a
(n22)-dof GKC with n ports, where a port is defined as an ou
put or local input link. All ports in the MC are coaxial.

Since the connecting link of the MC and the connecting link
the IC are to be combined as the cut-link of the GDM, kinema
property of the input can be expressed in terms of that of
connecting link. Hence, Eq.~4!, the kinematic constraint equatio
among the terminals of the GDM, can be rewritten as the ki
matic constraint equation among the ports of the MC. Thus,
have

C7. There is one kinematic constraint equation among the po
of a MC. The kinematic constraint equation can be written as

(
i 51

n21

ai•wi1bc•wc50 (5)

where bc and wc are the proportional constant and angular ve
locity associated with the connecting link.

Let g be the number of gear pairs, and m be the number of li
of the MC. The fundamental circuit equations associated with
MC can be written in matrix form as

Bg3m•wm3150 (6)

Note that, by eliminating angular velocities of the links exce
the ports, Eq.~5! can be deduced from Eq.~6!. Hence, columns
associated with the links except the ports in matrixB must contain
at least two non-zero elements such that the associated item
matrix B can be eliminated. Thus, we have

C8. All links except the ports in an MC must be associated w
at least two fundamental circuits.

Based on these characteristics, steps for identifying MCs fr
existing atlas of non-fractionated GKCs can be broadly summ
rized as follows:

Step 1. Choose an admissible graph: A graph with at leas
coaxial vertices from the atlas of (n22)-dof GKCs is selected as
the admissible graph.

Step 2. Determine the admissible set of coaxial links: From t
admissible graph, the coaxial vertices with at least n members
presumed as the admissible set of coaxial links.

Step 3. Determine the ports: From the admissible set of coax
links, n of the vertices are assigned as ports. The graph is elig
to be a candidate MC if all links except the ports in the graph
associated with at least two fundamental circuits.

Step 4. Check redundancy: A link is redundant if all the ge
ratios of its associated gear pairs do not appear in the kinem
constraint equation. A candidate MC with no redundant links
identified as an admissible MC.

Step 5. Repeat steps 3 to 4 for each admissible set of coa
links until all possible assignments of ports and non-ports
found.

Step 6. Repeat steps 2 to 5 until every admissible set of coa
links is examined.

With this procedure, admissible n-port, m-link MCs can
identified from the atlases of (n22)-dof non-fractionated GKCs
Figure 3 shows the graphs of admissible 3-port MCs with up t
links identified from the atlas of 1-dof non-fractionated GKC
@7,8#. Figure 4 shows the graphs of admissible 4-port MCs w
up to 8 links identified from the atlas of 2-dof non-fractionat
GKCs @5,9#. In Figs. 3 and 4, ports are represented by rectang
and each n-port m-link MC is coded as MC-n-m-# with # as
series number. Note that, for the case that the number of coa
links is greater than the number of ports, several sets of ports
be selected in Step 3. Hence, a GKC may lead to several ad
sible MCs based on different port assignments, such as MC-3
and MC-3-6-7, MC-3-6-8 and MC-3-6-9, MC-3-6-10 and MC-
6-11 in Fig. 3.
DECEMBER 2000, Vol. 122 Õ 475
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Fig. 5 Admissible 3-terminal fractionated GDMs with up to 7 links. „a… 5-link; „b… 6-link;
„c… 7-link.
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4 Composition of Geared Differential Mechanisms
The creation of an n-terminal, m-link fractionated GDM can

treated as a matter of selecting the proper IC and MC and join
the admissible connecting links together. The process can
broadly stated as:

Step 1. Determine the number of links of the IC and MC: Sin
ol. 122, DECEMBER 2000
e
ing
be

e

the connecting links in the IC and MC are joined together a
cut-link, by the specified number of links of the GDM, m, th
number of links of IC, mic, and the number of links of MC, mmc,
can be related as:

mic1mmc5m11 (7)
Transactions of the ASME
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By limiting the IC to those shown at Fig. 2, the correspondi
mmc can be determined from Eq.~7!, since the range of mic is
within the limits of two to four.

Step 2. Choose the IC and MC: Admissible IC with mic links
can be selected from Fig. 2 and a corresponding n-p
(m112mic)-link MC can be selected from Figs. 3 or 4.

Step 3. Choose the connecting links: The connecting link in t
IC is already specified in Fig. 2. One of the ports of the MC c
be selected as the connecting link. An isomorphic check may
required to determine the nonisomorphic connecting link of
MC for each selected IC.

Step 4. Join the connecting links in MC and IC as a cut-link
Step 5. Assign the outputs, cut-link, and ground as coax

links.
Step 6. Rearrange the coaxial revolute joints to the canoni

form @10#.

Fig. 6 Admissible 4-terminal fractionated GDM with up to 9
links

Fig. 7 Innovative 3-terminal link-fractionated GDMs.

Table 1 Compositions of 3-terminal GDMs
Journal of Mechanical Design
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With these steps, n-terminal, m-link fractionated GDMs can
created systematically. Figures 5 and 6 show admiss
3-terminal fractionated GDMs with up to 7 links and 4-termin
fractionated GDM with up to 9 links in canonical form. In Figs.
and 6, terminal links are denoted by rectangles, and an n-term
m-link GDM is coded as D-n-m-# with # as its serial numbe
Table 1 shows the compositions of admissible 3-terminal fracti
ated GDMs with up to 8 links.

For the purpose of demonstration, the composing process o
3-terminal, 7-link fractionated GDMs is shown as follows. Fro
Eq. ~7!, we have as

mic1mmc571158 (8)

Since the range of mic is from two to four, three sets of mic and
mmc are possible:

~a! mic52 and mmc56: IC-2-1 is selected as the IC, and on
of the twelve 3-port, 6-link MCs can be selected from F
3 as the MC. Note that since ports of MC are coaxial,
using IC-2-1 as the IC, all ports are isomorphic connect
links. Hence, twelve 3-terminal, 7-link GDMs, D-3-7-1 t
D-3-7-12 can be formed and shown in Fig. 5~c!.

~b! mic53 and mmc55: IC-3-1 is selected as the IC, and on
of the two 3-port, 5-link MCs from Fig. 3 can be selected
the MC. For MC-3-5-1, since ports 2 and 5 are symmetr
only ports 1 and 2 are the non-isomorphic connecting lin
For MC-3-5-2, it can be seen that ports 2, 4, and 5
isomorphic connecting links. Hence, three 3-termin
7-link GDMs, D3-7-13, D-3-7-14 and D-3-7-15 can b
formed and shown in Fig. 5~c!.

~c! mic54 and mmc54: One of IC-4-1 and IC-4-2 can be se
lected as the IC, and only MC-3-4-1 is eligible for the MC
For MC-3-4-1, ports 2 and 4 are isomorphic connecti
links. Hence, four 3-terminal, 7-link GDMs, D-3-7-16 t
D-3-7-19 can be formed and shown in Fig. 5~c!.

Comparing among the atlas of 3-terminal, 7-link fractionat
GDMs shown in Fig. 5 with the kinematic graphs derived by Y
and Hsieh@2# and Hsu and Wu@3# shows the following results. In
the case of Yan and Hsieh@2#, their methodology fails to enumer
ate the GDMs with an isolated gear pair, such as D-3-7-2,
those with multiple sets of coaxial links, such as D-3-7-4. Als
the 3-terminal, 7-link GDMs, D-3-7-13 to 19 are believed to
new by comparing the results of Yan and Hsieh@2# and Hsu and
Wu @3#.

By comparing the 3-terminal, 8-link GDMs composed of IC
2-1 and MC-3-7-# with those identified by Hsu and Wu@3#, the
GDMs composed of IC-2-1 and MC-3-7-21, and IC-2-1 and M
3-7-22 as shown in Fig. 7 are believed to be new.

We believe that this decomposition based method of enum
tion, which uses the atlas of GKCs developed by earlier inve
gators as foundation, is more straightforward, more efficient,
more reliable than those approaches that started from scratch
though we have used the enumeration of 3-terminal a
4-terminal GDMs as examples, the methodology presented he
completely general and can be applied to the enumeration
n-terminal fractionated GDMs.

5 Conclusion
This paper describes a systematic methodology for the to

logical synthesis of admissible n-terminal fractionated GDMs
is shown that a fractionated GDM can be decomposed into a G
as the MC and a 1-dof geared mechanism as the IC. The cha
teristics of fractionated GDM and those of the IC and MC a
addressed. A set of identification steps to identify admissible M
from existing atlases of nonfractionated GKC is developed. T
procedure to select proper IC and MC to form the fractiona
GDM is described, and atlases of admissible fractionated GD
with 3 and 4 terminals are developed.
DECEMBER 2000, Vol. 122 Õ 477
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