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. o An efficient and systematic methodology for the topological synthesis of admissible frac-
Department of Mechanical Engineering, tionated geared differential mechanisms is presented. Based on the extension of the 2-dof
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these two components are laid out, and the atlases of admissible input and main compo-

nents are identified from the existing atlases of non-fractionated geared kinematic chains.
With a systematic procedure to choose input and main components and select admissible

connecting links, fractionated geared differential mechanisms with three and four input/

output links are generated according{51050-047£0)00804-7

1 Introduction locations in space. Figurgld) shows a pseudo-isomorphic graph
5] of the gear differential shown in Fig.(d). In Fig. 1(b), the
hput and output links are denoted by rectangles. From Rig), 1

it can be seen that vertex 5 is a cut-vertex which divides the GDM

Figure Xa) shows the functional representation of the 2 degre
of-freedom (dof) geared differential mechanisGDM). The

1-input, 2-output GDM has been widely known and used in auto- .
motive drive systems. Hirosel] introduced a general form and nto two components. The first componé@t 1, 5, a 1-dof geared

derived the kinematic constraint equation among input/outpnleCh‘r’m.ISm using vertex 1 as the input and vertex 5 as the local
links of the 1-input, 2-output GDM. By assigning the function o#utjplét(;r'ns f)?]”e?fézthg IrlpUé cgrri?(;)(:ce(gCK)COLtsf;g szwé;geazeﬁ;e
one-degree vertices of admissible gear-pair-only tree, Yan al in upt and vertices 2 and 3 as the out ut% is called the main
Hsieh[2] derived a methodology to synthesize the atlas of non- P MC) of the GDM puts,

coupled and coupled 2-dof GDMs. However, structural isomoF—Omponen( ) of the )

phism on GDMs enumerated by this method can not be averted

and the methodology is restricted to GDMs with 1 input and 2

outputs. By adding a ground to a set of coaxial links of the 1-dof

geared kinematic chai(GKC) and assigning three of the coaxial c

links as input/output links, Hsu and W@] identified the atlas of
2-dof GDMs with 1 input and 2 outputs. However, their approach
is only applicable to 2-dof GDMs and the atlas of 2-dof GDMs are
lack of recognition of admissible input/output links. Kota and Bi-
dare[4] used the automotive gear differential and a 5-link epicy-
clic gear train as building blocks a novel whiffletree-like multi-
outputs GDMs. By adjusting the train values in the differential
blocks, the number of outputs in the GDM can be any integer
greater than two.

In this paper, a systematic methodology for the topological syn-
thesis of admissible fractionated GDMs is developed. The charac-
teristics of the 1-input, 2-output gear differential are clarified and
extended to multi-output GDMs. It is shown that a GDM can be
decomposed into an input component and a main component. At-
lases of admissible input and main components are identified from
the existing atlases of non-fractionated GKCs. With specified
number of links and number of input/output links of the GDM,
proper input and main components can be chosen from the atlases.
Thus, admissible GDMs can be enumerated by joining the
selected connecting links of the input and main components
accordingly.

2 Fundamental Characteristics of Geared Differential
Mechanisms

For the automotive gear differential shown in Figa)l link 1 is
the input, links 2 and 3 are the outputs, and links 1, 2, and 3 are
adjacent to link 0, the ground. In graph representation, links are
denoted by vertices, gear pairs by heavy edges, revolute joints by
thin edges, and the thin edges are labeled according to their axes

(b)
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In Fig. 1(a), fundamental circuits ar€, 4)(5), (3, 4(5), and 1 a2 1 3 2 1

(1, 9(0). The associated fundamental circuit equatiffiscan be '\' /E - 4 - * o i
written as / \/ B R
W1 IC-2-1 IC-3-1 IC-4-1 1G-4-2
0 1 0 —vyso var1 W, . - ) .
Fig. 2 Admissible ICs with up to 4 links
0 0 1 —vi3 7a3-1 W3 | =0 (2)
1 0 0 O _'}/5’1 W4
W5

By eliminating wy and w in Eq. (1), kinematic constraint equa-
where w denotes the angular velocity of link ;;=*=N;/N; de- tion among angular velocities of the input and output links, w
notes the gear ratio of the gear pair composed of links i and j amg, and v, can be obtained as
the sign of the gear ratio is determined according to the positive
rotation of link i results in a positive or negative rotation of link j (732~ 1)W1+ y5 Wo— V5,173 W3=0 2
along their pre-defined axes of rotation, ads the teeth number
of gear i. where

MC-3-6-11 MC-3-6-12

(c)

Fig. 3 Admissible 3-port MCs with up to 7 links. (a) 4-link; (b) 5-link; (c) 6-link; (d) 7-link.
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Fig. 3 (Continued)
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Va2 The (n—2)-dof MC includes (r-1) outputs of the GDM. A
V3= (3) link of the MC, which is coaxial to the outputs, is used as the locall
input and as the connecting link to the IC. This leads to the fol-

In the following discussion, GDMs with one input and<{@) lowing characteristic:
outputs (r=3) will be focused on. As an extension, the fraction- C6. The MC of an n-terminal fractionated GDM is an
ated GDM is assumed to be decomposed into a geared mechaniam 2)-dof GKC with n ports, where a port is defined as an out-
as the IC and a GKC as the MC while the two components apeit or local input link. All ports in the MC are coaxial
connected by a cut-link. By extending E®), it is assumed that  Since the connecting link of the MC and the connecting link of
the kinematic constraint equations among the input and1(n the IC are to be combined as the cut-link of the GDM, kinematic

outputs of a GDM can be written as property of the input can be expressed in terms of that of the
n connecting link. Hence, Ed4), the kinematic constraint equation
z a-w=0 (4) among the terminals of the GDM, can be rewritten as the kine-
=1 matic constraint equation among the ports of the MC. Thus, we

ave

C7. There is one kinematic constraint equation among the ports
Efqa MC. The kinematic constraint equation can be written as
' n-1

where aand w are the proportional constant and angular velocit
associated with the i-th input or output link.

It can be seen that the number of independent parameters in
(4) is (n—1) since there is one equation with n variables. This is
the case of an (A l)-dof geared mechanism, since<f) inde- 2 8- W;t+b,-w.=0 (5)
pendent parameters are needed to specify its motion. From Fig. =1

1(b), it can be seen that the outputs and the ground of the Sta”dWﬁere h and w, are the proportional constant and angular ve-
GDM are in opposite components. Since there is only one inpuqigcity associated with the connecting link

the (n—1)-dof GDM, the IC is a 1-dof geared mechanism while | gt g pe the number of gear pairs, and m be the number of links
the MC is an (r-2)-dof GKC. In addition, it is observed that the st the MC. The fundamental circuit equations associated with the
cut-link that connects the two components, the outputs, and g can be written in matrix form as
ground are coaxial. Thus, we have

C1. A fractionated GDM with n terminal links is am— 1)-dof Bgxm' Wmx1=0 (6)
geared mechanism, where a terminal link is defined as an input or
output link. The terminal links in a GDM are adjacent to th

ground link associated with the links except the ports in maBimust contain

C2. There is one kinematic constraint equation among the t€fz oot two non-zero elements such that the associated items in
minal links of the GDM. The kinematic constraint equation can %atrix B can be eliminated. Thus. we have

written as Eq. (4).
C3. An (n—1)-dof fractionated GDM can be decomposed intq,
a 1-dof geared mechanism as the IC and(anr-2)-dof GKC as

Note that, by eliminating angular velocities of the links except
Ghe ports, Eq(5) can be deduced from E¢6). Hence, columns

C8. All links except the ports in an MC must be associated with
least two fundamental circuits

Based on these characteristics, steps for identifying MCs from

_th_e MC._The IC and_ M(.: share a common I_ink bUI no COmm%(isting atlas of non-fractionated GKCs can be broadly summa-
joint. This common link is called the connecting link rized as follows:

C4. The ground link, the connecting link and the output links o Step 1 Choose an admissible graph: A graph with at least n

a fractionated GDM are coaxial coaxial vertices from the atlas of {12)-dof GKCs is selected as
the admissible graph.
o . Step 2 Determine the admissible set of coaxial links: From the
3 Admissible Input/Main Components admissible graph, the coaxial vertices with at least n members are
With the concept of decomposing GDMs, characteristics of I@resumed as the admissible set of coaxial links. _
and MC can be further established. The 1-dof IC includes the Step 3 Determine the ports: From the admissible set of coaxial
input and the ground of the GDM. A link, which is adjacent to théinks, n of the vertices are assigned as ports. The graph is eligible
ground in the IC, is used as the local output of the component affibe a candidate MC if all links except the ports in the graph are

as the connecting link to the MC. Thus, we have associated with at least two fundamental circuits.
C5. The IC of a fractionated GDM is a 1-dof geared mecha- Step 4 Check redundancy: A link is redundant if all the gear
nism with its input and local output adjacent to ground ratios of its associated gear pairs do not appear in the kinematic

Figure 2 shows admissible ICs with up to 4 links. In Fig. 2, thonstraint equation. A candidate MC with no redundant links is
connecting link is represented by a solid rectangle, input link byigentified as an admissible MC. o _
hollow rectangle and each m-link IC is coded as IC-m-# with # as Step 5 Repeat steps 3 to 4 for each admissible set of coaxial
its series number. Note that the two-link chain, IC-2-1, is treatdpks until all possible assignments of ports and non-ports are

as a degenerate geared mechanism in which the connecting linfoignd. ] o )
used as the input link. Step 6 Repeat steps 2 to 5 until every admissible set of coaxial

links is examined.

With this procedure, admissible n-port, m-link MCs can be
identified from the atlases of (n2)-dof non-fractionated GKCs.
Figure 3 shows the graphs of admissible 3-port MCs with up to 7
links identified from the atlas of 1-dof non-fractionated GKCs
[7,8]. Figure 4 shows the graphs of admissible 4-port MCs with
up to 8 links identified from the atlas of 2-dof non-fractionated
GKCs[5,9]. In Figs. 3 and 4, ports are represented by rectangles,
and each n-port m-link MC is coded as MC-n-m-# with # as its
series number. Note that, for the case that the number of coaxial
links is greater than the number of ports, several sets of ports may
be selected in Step 3. Hence, a GKC may lead to several admis-

MC-4-8-1 sible MCs based on different port assignments, such as MC-3-6-6
and MC-3-6-7, MC-3-6-8 and MC-3-6-9, MC-3-6-10 and MC-3-
Fig. 4 Admissible 4-port MC with up to 8 links 6-11 in Fig. 3.
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D-3-7-16 D-3-7-17 D-3-7-18 D-3-7-19
(c)
Fig. 5 Admissible 3-terminal fractionated GDMs with up to 7 links. (a) 5-link; (b) 6-link;
(c) 7-link.

4 Composition of Geared Differential Mechanisms the connecting links in the IC and MC are joined together as a

. . . . ut-link, by the specified number of links of the GDM, m, the
The creation of an n-terminal, m-link fractionated GDM can b mber of links of IC, n, and the number of links of MC, g,

treated as a matter of selecting the proper IC and MC and joinin n be related as:
the admissible connecting links together. The process can % '
broadly stated as:

Step 1 Determine the number of links of the IC and MC: Since M+ My, c=m+1 (7)
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With these steps, n-terminal, m-link fractionated GDMs can be
created systematically. Figures 5 and 6 show admissible
3-terminal fractionated GDMs with up to 7 links and 4-terminal
fractionated GDM with up to 9 links in canonical form. In Figs. 5
and 6, terminal links are denoted by rectangles, and an n-terminal,
m-link GDM is coded as D-n-m-# with # as its serial number.
Table 1 shows the compositions of admissible 3-terminal fraction-
ated GDMs with up to 8 links.

D-4-9-1 For the purpose of demonstration, the composing process of the
3-terminal, 7-link fractionated GDMs is shown as follows. From

Fig. 6 Admissible 4-terminal fractionated GDM with up to 9 Eq. (7), we have as
links MictMp=7+1=8 (8)

Since the range of jis from two to four, three sets of gand
My are possible:

Table 1 Compositions of 3-terminal GDMs

No. of non-

m | e MC isomorphic | Sub- | 1. (@ m=2 and m,=6: IC-2-1 is selected as the IC, and one
connecting | Total of the twelve 3-port, 6-link MCs can be selected from Fig.
links in MC| - 3 as the MC. Note that since ports of MC are coaxial, for

2-1 3-4-1 1 1 1 using IC-2-1 as the IC, all ports are isomorphic connecting
2-1] 3-5-1t0 -2 1 2 4 links. Hence, twelve 3-terminal, 7-link GDMs, D-3-7-1 to
3-1 3-4-1 2 2 D-3-7-12 can be formed and shown in Figch
2-1|3-6-1t0-12 1 12 (b) m=3 and m,.=5: IC-3-1 is selected as the IC, and one
3-1 3-6-1 2 3 of the two 3-port, 5-link MCs from Fig. 3 can be selected as

7 3-5-2 1 19 the MC. For MC-3-5-1, since ports 2 and 5 are symmetric,

4-1] 341 2 2 only ports 1 and 2 are the non-isomorphic connecting links.
4-2| 3-4-1 2 2 For MC-3-5-2, it can be seen that ports 2, 4, and 5 are
2-1[3-7-1t0-37 1 37 isomorphic connecting links. Hence, three 3-terminal,
3-6-1 3 7-ink GDMs, D3-7-13, D-3-7-14 and D-3-7-15 can be
3-6-2 3 formed and shown in Fig.(6).
g:gj g (c) me=4 and m,;=4: One of IC-4-1 and IC-4-2 can be se-
365 5 lected as the IC, and only MC-3-4-1is ellglbl_e for the MC.
366 5 For MC-3-4-1, ports 2 ar_ld 4 are isomorphic connecting
3-1 367 5 28 links. Hence, four 3-terminal, 7-link .GD|.\/|S, D-3-7-16 to
8 368 5 71 D-3-7-19 can be formed and shown in Fidch
3-6-9 » 2 Comparing among the atlas of 3-terminal, 7-link fractionated
3-6-10 3 GDMs shown in Fig. 5 with the kinematic graphs derived by Yan
3-6-11 3 and HsieH 2] and Hsu and W{i3] shows the following results. In
3-6-12 2 the case of Yan and Hsid#], their methodology fails to enumer-
4.1 | 3-5-1 2 3 ate the GDMs with an isolated gear pair, such as D-3-7-2, and
3-5-2 1 those with multiple sets of coaxial links, such as D-3-7-4. Also,
4-2 3-5-1 2 3 the 3-terminal, 7-link GDMs, D-3-7-13 to 19 are believed to be
3-5-2 1 new by comparing the results of Yan and Hsjehand Hsu and
Wu [3].

By comparing the 3-terminal, 8-link GDMs composed of IC-
2-1 and MC-3-7-# with those identified by Hsu and \\8], the
GDMs composed of IC-2-1 and MC-3-7-21, and IC-2-1 and MC-
3-7-22 as shown in Fig. 7 are believed to be new.

~ We believe that this decomposition based method of enumera-
tion, which uses the atlas of GKCs developed by earlier investi-

gators as foundation, is more straightforward, more efficient, and
Fig. 7 Innovative 3-terminal link-fractionated GDMs. more reliable than those approaches that started from scratch. Al-

though we have used the enumeration of 3-terminal and

4-terminal GDMs as examples, the methodology presented here is

By limiting the IC to those shown at Fig. 2, the correspondingompletely general and can be applied to the enumeration of
My, can be determined from E@7), since the range of gis n-terminal fractionated GDMs.
within the limits of two to four.

Step 2 Choose the IC and MC: Admissible IC with;yiinks
can be selected from Fig. 2 and a corresponding n-pog, Conclusion
(m+1-my)-link MC can be selected from Figs. 3 or 4.

Step 3 Choose the connecting links: The connecting link in the This paper describes a systematic methodology for the topo-
IC is already specified in Fig. 2. One of the ports of the MC calogical synthesis of admissible n-terminal fractionated GDMs. It
be selected as the connecting link. An isomorphic check may tseshown that a fractionated GDM can be decomposed into a GKC
required to determine the nonisomorphic connecting link of thes the MC and a 1-dof geared mechanism as the IC. The charac-
MC for each selected IC. teristics of fractionated GDM and those of the IC and MC are

Step 4 Join the connecting links in MC and IC as a cut-link. addressed. A set of identification steps to identify admissible MCs

Step 5 Assign the outputs, cut-link, and ground as coaxidtom existing atlases of nonfractionated GKC is developed. The

links. procedure to select proper IC and MC to form the fractionated
Step 6 Rearrange the coaxial revolute joints to the canonic®8DM is described, and atlases of admissible fractionated GDMs
form [10]. with 3 and 4 terminals are developed.
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