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An efficient and systematic methodology for the kinematic analysis of geared robot
Ž .manipulators GRMs with a jointed unit is presented. It is shown that, by decompos-

ing mechanical transmission lines of a GRM into serially connected jointed and
disjointed units, kinematic relation between local inputs and local outputs of admissi-
ble jointed units can be systematically formulated. Accordingly, angular displace-
ments of input links with respect to their associated primary links can be symbolically
expressed in terms of joint angles by a unit-by-unit evaluation procedure. This
unit-by-unit evaluation procedure provides better kinematic insights into how input
torques are transmitted to various joints. It is also shown that an actuator in a GRM
with a jointed unit can drive nonconsecutive joints by proper design of its gear train.
A 3 degrees of freedom GRM with a jointed unit is used as an illustrative example.
� 2001 John Wiley & Sons, Inc.

1. INTRODUCTION

A robotic mechanism for industrial purpose is often
in an open loop configuration to obtain a simple
kinematic structure. However, the inertia loads
caused by on-joint actuators inevitably degrade its
dynamic performance. To reduce inertia loads, many
robot manipulators are constructed in a partially
closed-loop configuration. Under the partially

* To whom correspondence should be addressed; e-mail:
dzchen@ccms.ntu.edu.tw.

closed-loop concept, geared robot manipulators
Ž .GRMs are widely adopted by using gear trains to
transmit power from actuators which can be located
as close to the ground as possible.

Several approaches for the topological synthesis
of GRMs have been developed based on graph
theory.1,2 Chang and Tsai3 introduced the concept

Ž .of mechanical transmission line MTL to describe
the relation between joint torques and actuator
torques of a GRM. Admissible structure matrices
were generated to describe the coupling relations
between MTLs. Chen and Shiue4 showed that an
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MTL can be decomposed into disjointed units in-
cluding an input unit and several transmission units
connected in series. Atlases of admissible input units
and transmission units, which are classified as dis-
jointed units, were enumerated. However, the graph
representation of a GRM2 shown in Figure 1a can-
not be obtained by applying the above methods.
Chen et al.5 showed that MTLs may not necessarily
be composed of disjointed units only and may also

Ž .contain a 2 degree-of-freedom DOF nonfraction-
ated geared kinematic chain, which is called a
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Ž .Figure 1. A 3-DOF GRM with a jointed unit. a The
Ž . Ž .graph representation. b The disjointed MTL. c The

Ž .jointed MTLs. d The pseudo-isomorphic subgraph of
the jointed MTLs.

jointed unit. With the atlases of admissible dis-
jointed and jointed units, GRMs with a jointed unit
with preferred DOF and number of links are enu-
merated.5

Various methods for the kinematic analysis of
GRMs can be found in the literature.6 � 9 Among
them, the most promising approach is perhaps the
method of fundamental circuit and coaxial condi-
tions introduced by Tsai.9 However, the analysis
involves the manipulation of a set of linear equa-
tions simultaneously. Chen10 showed that a GRM
can be decomposed into several MTLs and each
MTL into 1 DOF disjointed unit connected in series.
The input displacements can then be symbolically
expressed in terms of the joint angles by a unit-by-
unit evaluation procedure. However, this unit-by-
unit evaluation procedure cannot be applied to the
kinematic analysis of the GRM with a jointed unit
as shown in Figure 1a.

In this article, the concept of jointed and dis-
jointed MTLs will be applied to the kinematic anal-
ysis of a GRM with a jointed unit. It will be shown
that, by decomposing a GRM with a jointed unit
into jointed and disjointed MTLs and the jointed
MTLs into jointed and disjointed units, input angu-
lar displacements of the jointed MTLs can be sym-
bolically expressed in terms of joint angles by a
unit-by-unit evaluation procedure. The advantage
of this method is that algebraic expression for the
kinematic relation between actuator space and joint
space can be obtained without manipulating a set of
linear equations simultaneously. In addition, this
unit-by-unit evaluation procedure provides better
kinematic insights into torque transmission among
MTLs. It will also be shown that, in a GRM with a
jointed unit, an actuator can drive nonconsecutive
joints by properly choosing the jointed unit and
disjointed units followed by gear train design.

2. GEARED ROBOT MANIPULATORS

In graph representation, links are denoted by ver-
tices, turning pairs by thin edges, and gear pairs by
heavy edges, and thin edges are labeled according
to their axis locations in space. By rearranging coax-
ial turning pairs, the canonical graph representa-
tion9 can be obtained such that all edges lying on a
thin-edged path traced from the base to any other
vertex have different edge labels. Among these
thin-edged paths, the linkage starting from the base
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and ending at the output link is defined as the
equivalent open-loop chain. Links in the equivalent
open-loop chain are referred to as primary links
while all others are called secondary links.4 For the
graph representation shown in Figure 1a, links 5, 1,
and 4 are the input links and link 3 is the output
link called the end-effector. Links 0, 1, 2, and 3 are
primary links and links 4, 5, 6, 7, and 8 are sec-
ondary links. In Figure 1a, primary links are de-
noted by solid nodes, input links by solid rectan-
gles, and other links by hollow nodes.

Chang and Tsai3 showed that the kinematic
structure of a GRM can be regarded as a combina-
tion of an equivalent open-loop chain and several
MTLs. Each MTL represents a path to transmit the
input motion to the end-effector. The arrangement
of secondary links in an MTL determines where the
actuators are located and how the input torque is
transmitted to various joints. By collecting the ver-
tices and edges associated with an MTL, an MTL
subgraph can be identified.

Chen et al.5 showed that MTLs can be classified
Ž .into disjointed MTL s and jointed MTLs. Figure 1b

and 1c shows the direct-drive disjointed MTL and
the jointed MTLs contained in Figure 1a, respec-
tively. A disjointed MTL is composed of several 1
DOF disjointed units4 while a jointed MTL is com-
posed of a 2-DOF jointed unit and several disjointed
units.5 GRMs consisting of only disjointed MTLs are
called disjointed GRMs while those with at least one
set of jointed MTLs are called jointed GRMs.

Disjointed units can be further classified into
Ž . Ž .input unit IUs and transmission units TUs . Chen

and Shiue4 enumerate admissible up to 5 link IUs
and TUs as shown in Table Ia and b, respectively. In
Table I, primary links are denoted by p, preconnect-
ing links and postconnecting links are denoted, re-
spectively, by x and y, and secondary links are
denoted by sequential numbers.

By separating common vertices on the equiva-
lent open-loop chain and their associate joints fol-
lowed by rearranging coaxial links, a pseudo-iso-
morphic subgraph of the jointed MTLs5 in Figure 1c
can be obtained as shown in Figure 1d. In Figure 1d,
links 5 and 4 are the preconnecting links while links
8 and 2� are the postconnecting links of the jointed
unit enclosed by a dashed rectangle. Postconnecting
links 8 and 2� are coaxial with primary links 1 and 2
while preconnecting links 5 and 4 are coaxial with
primary links 0 and 1. These coaxial conditions lead
to the formation of articulated joints on the equiva-
lent open-loop chain. Table II shows the admissible
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Table I. Admissible disjointed units and their forward
gains: a) input units; b) transmission units.

jointed units enumerated from 2 DOF nonfraction-
ated GKCs11 by Chen et al.5 In Table II, primary
links are denoted by p, upper and lower local
inputs are denoted, respectively, by x and x ,U L
upper and lower local outputs are denoted, respec-
tively, by y and y and secondary links are de-U L
noted by sequential numbers.
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Table II. Admissible jointed units and their forward gain matrices.

3. SPEED RATIO OF DISJOINTED AND
JOINTED UNITS

Let links j and k be a gear pair and let link i be its
carrier. The associated fundamental circuit equa-

12 Ž .Ž .tion for fundamental circuit j, k i can be written
as

Ž .q �e q 1j , i k j k , i

where q denotes relative angular displacement ofj, i
link j with respect to link i, e ��N �N repre-k j k j
sents the gear ratio of the gear pair mounted on
links k and j, positive or negative accordingly as a
positive rotation of link k results in a positive or
negative rotation of link j about their predefined
axes of rotation, and N is the number of teeth onk
link k.

Chen10 showed that angular displacements of
local input and output with respect to the primary
link of a disjointed unit can be related by its for-
ward gain. Table Ia and b shows the forward gains
of admissible IUs and TUs, respectively. Taking
IU-2 in Table Ia as an example, we have

Ž .q �g q �e e q 2x , p IU-2 y , p y1 1 x y , p

where g is the forward gain of IU-2.IU-2
For jointed unit JU-1 in Table II, fundamental

circuit equations associated with fundamental cir-
Ž .Ž . Ž .Ž . Ž .Ž . Žcuits x , 1 x , 1, 2 x , 2, y p and x ,U L L U L

.Ž .y p can be written asL

Ž .q �e q 3x , x 1 x 1, xU L U L
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Ž .q �e q 41, x 21 2, xL L

Ž .q �e q 52, p y 2 y , pU U

and

Ž .q �e q 6x , p y x y , pL L L L

The relation among relative angular displacements
Ž .of the two sets of coaxial links, x , p, x andU L

Ž .2, p, x , can be obtained asL

Ž .q �q �q 7x , x x , p p , xU L U L

and

Ž .q �q �q 82, x 2, p p , xL L

Ž . Ž .By solving Eqs. 3 � 8 , angular displacements
of local inputs and local outputs with respect to the
primary link of jointed unit JU-1 can be related as

Ž .e e e e 1�e eq q1 x 21 y 2 y x 1 x 21x , p y , pU U L L UU U�q q0 ex , p y , py xL LL L

Ž .9

or

Ž .� �G � 10x , p JU-1 y , p

� �T � �Twhere � � q , q , � � q , q ,x , p x , p x , p y, p y , p y , pU L U L

and G is the forward gain matrix associated withJU-1
JU-1.

Table II shows the forward gain matrices of
Ž .admissible jointed units. Note that the 2, 1 element

of each forward gain matrix is always zero. Hence,
the relation between local inputs and local outputs
for a jointed unit J can be generally expressed as

q qG Gx , p y , pJ, 11 J, 12U U Ž .� 11q q0 Gx , p y , pJ, 22L L

4. KINEMATIC PROPAGATION OF UNITS

Figure 2 shows a set of typical jointed MTLs with a
jointed unit J and several optionally connected dis-
jointed units. The jointed MTLs are separated along
the equivalent open-loop chain into an upper sub-
MTL and a lower sub-MTL with jointed unit J in
common. The preconnecting links x and x ofU L
jointed unit J are used as local input links connect-

Ž .ing to preceding disjointed unit s or can be used as

i-1 i i+1
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a ba
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Figure 2. A set of typical jointed MTLs.

input links of the jointed MTLs. The postconnecting
links y and y of jointed unit J are used as localU L
output links connecting to succeeding disjointed

Ž .unit s . Kinematic analysis of the jointed MTLs can
be divided into the following cases.

4.1. Relocation of Inputs

The function of a preceding disjointed unit to a joint
unit can be regarded as the relocation of input link.
For the case that preceding disjointed unit A is
connected to jointed unit J, as shown in Figure 2, the
input link is relocated from link x to link j . FromU 1

Ž .Eq. 2 , angular displacements of link j and link x1 U
with respect to primary link i�1 of disjointed unit
A are related as

Ž .q �g q 12j , i�1 A x , i�11 U

Since links i�1, x , and i are coaxial, we haveU

Ž .q �q �q �q �� 13x , i�1 x , i i , i�1 x , i iU U U

where the angular displacement of primary link i
with respect to link i�1, q , is denoted by thei, i�1
joint angular displacement � .i

Ž . Ž .Substituting Eq. 13 into Eq. 12 yields

Ž .q �g � �g q 14j , i�1 A i A x , i1 U

Ž .From Eq. 14 , angular displacements of links j1
and x with respect to their associated primaryL
links can be written as

q qg g 0j , i�1 x , i1 UA A Ž .� � � 15iq qx , i x , i0 0 1L L
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Similarly, for the case that preceding disjointed
unit B is connected to jointed unit J to relocate its
local input link from x to link j , angular dis-L 2
placements of links j and x with respect to their2 U
associated primary links can be related as

q q1 0x , i x , i0U U Ž .� � � 16ig 0 gq qB Bj , i�1 x , i2 L

Hence, for a jointed unit J with two preceding
disjointed units A and B, angular displacements of
input links, j and j , with respect to their associ-1 2
ated primary links can be related as

q qg 0gj , i�1 x , iA1 A U Ž .� � � 17iq g q0 gj , i�1 B x , iB2 L

4.2. Extension of the Jointed Unit

The connection of disjointed units succeeding a
jointed unit in its upper and�or lower postconnect-
ing links can be viewed as the extension of the
jointed unit. For the case that succeeding disjointed
unit C is connected to jointed unit J to extend its
local output link from y to link j , angular dis-U 3
placements of link y and link j with respect toU 3
primary link i�1 of the disjointed unit C can be

Ž .related according to Eq. 2 as

Ž .q �g q 18y , i�1 C j , i�1U 3

Since links i, y , and i�1 are coaxial, theU
coaxial equation can be written as

Ž .q �q �q �q �� 19y , i y , i�1 i�1, i y , i�1 i�1U U U

Ž . Ž .Substituting Eq. 18 into Eqs. 19 yields

Ž .q �g q �� 20y , i C j , i�1 i�1U 3

Ž .From Eq. 20 , angular displacements of links
y and y with respect to their associated primaryU L
links can be written as

q qg 0y , i j , i�11U 3C Ž .� � � 21i�1q q0y , i y , i0 1L L

Similarly, for the case that succeeding disjointed
unit D is connected to jointed unit J to extend its
local output link from y to link j , angular dis-L 4
placements of links y and y with respect to theirU L

associated primary links can be written as

q q1 0y , i y , i0U U Ž .� � � 22i�1 0 gq q1 Dy , i j , i�1L 4

Hence, for a jointed unit J with two succeeding
disjointed units C and D, angular displacements of
input links, y and y , with respect to their associ-U L
ated primary links can be related as

q qg 0y , i j , i�1C1U 3 Ž .� � � 23i�1q q1 0 gy , i j , i�1DL 4

4.3. Merged Result

For the case that postconnecting links j and j are3 4
combined as a primary link of the equivalent open-

Ž .loop chain, link i�2, Eq. 23 can be written as

q g 0 qy , i C1U i�2, i�1� � �i�1q q1 0 gy , i i�2, i�1DL

1 g �C i�1 Ž .� 24
1 g �D i�2

Ž . Ž .By substituting Eq. 24 into Eq. 11 , angular
displacements of local inputs of a jointed unit J with
respect to its primary link i can then be related as

q G G 1 g �x , i J, 11 J, 12 C i�1U �q 0 G 1 g �x , i J, 22 D i�2L

G �G G �g �G �gJ, 11 J, 12 J, 11 C J, 12 D�
G G �gJ, 22 J, 22 D

� i�1 Ž .� 25
� i�2

Ž . Ž .By substituting Eq. 25 into Eq. 17 , angular
displacements of input links, j and j , with respect1 2
to their associated primary links are related to joint
displacements of the jointed MTLs as

q g 0gj , i�1 A1 A� � �iq g 0 gj , i�1 B B2

G �G G �g �G �gJ, 11 J, 12 J, 11 C J, 12 D
�

G G �gJ, 22 J, 22 D

� i�1 Ž .� 26
� i�2
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or

qj , i�11

qj , i�12

Ž . Ž .g g G �G g G g �G gA A J, 11 J, 12 A J, 11 C J, 12 D�
g g G g G gB B J, 22 B J, 22 D

�1

Ž .�� 27i�1

� i�2

Ž .where the term G �G is called the upperJ, 11 J, 12

forward gain of jointed unit J.

4.4. Example

For the GRM shown in Figure 1d, it can be seen that
IU-1 precedes jointed unit JU-1 while TU-1 succeeds
JU-1 in its upper sub-MTL. From Table I, it can be

Ž .found that g �e . From Eq. 21 , the angularTU-1 38
displacements of links 8 and 2� with respect to
primary link 1 can be related to those of links 3 and
2 by substituting associated forward gains into

Ž .Eq. 21 as

q qe 018, 1 3, 238� � �2�q q02 , 1 2, 10 1

�e 0 31 38 Ž .� � � 2820 �0 1 2

The angular displacements of links 8 and 2�

with respect to primary link 1 of JU-1 can be related
to those of links 5 and 4 by the forward gain matrix
in Table II as

Ž .e e e 1�e eq q65 76 87 65 765, 1 8, 1 Ž .� 29
�q q0 e4, 1 2 , 124

Ž .From Eq. 17 , angular displacements of the
local inputs of the JU-1, links 5 and 4, with respect
to primary link 1 can be related to those of the
preconnecting links of the preceding IU-1, links 5
and 4, with respect to primary link 0 as

q q1 1 05, 0 5, 1 Ž .� � � 301q q1 0 14, 0 4, 1

Ž . Ž . Ž .Substituting Eqs. 28 and 29 into Eq. 30
yields

Ž .1 e e e �e 1�e e e e e eq 65 76 87 24 65 76 65 76 87 385, 0 �q 1 e 04, 0 24

�1

Ž .�� 312

�3

For the direct-drive disjointed MTL shown in
Figure 1b, we have

Ž .q �g � �� 321, 0 IU-1 1 1

Ž . Ž .Hence, from Eqs. 31 and 32 , angular dis-
placement vectors associated with the actuator space
and the joint space of the GRM with a jointed unit
can be obtained as

T
�1 1 1q 11, 0

Ž .0 e e e �e 1�e e e ��q 65 76 87 24 65 76 24 25, 0
q 0 e e e e 0 �4, 0 65 76 87 38 3

�1
T Ž .��A 332

�3

where AT represents the transpose of the structure
matrix of the GRM.3

5. THE JUMP-OVER EFFECT

The equation relating the joint torques to the actua-
tor torques3 is

Ž .��A � 34

where � and � are torque vectors at joint space and
actuator space, respectively.

Ž . Ž .From Eqs. 27 and 34 , torque relations of a
jointed unit J with preceding disjointed units A and
B and succeeding disjointed units C and D can be
obtained as

g g� A Bi , i�1

Ž .g G �G g G�� A J, 11 J, 12 B J, 22i�1, i
� Ž .g G g �G g g G gi�2, i�1 A J, 11 C J, 12 D B J , 22 D

� j , i�11 Ž .� 35
� j , i�12
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Chang and Tsai3 claimed that nonzero elements
in each column of a structure matrix must be con-
secutive, i.e., the influences of an actuator to various
joints along its associated MTL must be consecutive.

Ž .However, from Eq. 35 , it can be seen that it is
possible to have an intermediate zero element in a

Žcolumn of the coefficient matrix by letting g GA J, 11
.�G equal zero. Hence, it is possible for anJ, 12

actuator to drive a remote joint without the influ-
ence on an intermediate joint in the same MTL, and
the phenomenon is referred to as the jump-over
effect. Since the forward gain of disjointed unit A,
g , has a nonzero value, the condition to makeA

Ž .g G �G equal to zero is the same as that toA J, 11 J, 12
Ž .make the upper forward gain G �G equalJ, 11 J, 12

to zero. From Table II, it can be found that only the
upper forward gains of JU-1 and JU-3 contain multi-
ple terms and thus are capable of being set to zero
by proper gear train design.

Suppose that a 3-DOF GRM with a jointed unit
is to be designed based on the structure matrix in
the left-hand side of Figure 3a. It is desired to have
an intermediate zero element in the second MTL as
shown to the right of Figure 3a. To achieve the
jump-over effect, the jointed unit JU-3 is chosen as
the kernel of a set of jointed MTLs. In Figure 3a, the
columns corresponding to the associated jointed
MTLs are shaded and the locations of the upper and
lower forward gains in the structure matrix are
marked by a dashed rectangle.

In Figure 3a there is a nonzero element succeed-
ing the upper forward gain in the structure matrix.
Hence, a succeeding disjointed unit is required to
connect JU-3 in the upper sub-MTL. On the other
hand, since there is no nonzero element succeeding
the lower forward gain, no succeeding disjointed
unit is required to connect JU-3 in the lower sub-
MTL. Besides, since nonzero elements precede both
the upper and lower forward gains in the structure
matrix, preceding disjointed units are required to
connect JU-3 in both sub-MTLs. Transmission unit
TU-1 and input unit IU-1 are chosen as the succeed-
ing and preceding disjointed units from Table Ib
and Ia, respectively. Figure 3b shows the arrange-
ment of jointed and disjointed units within the
jointed MTLs.

It can be seen that the column representing the
disjointed MTL in the structure matrix has only one
nonzero element at the first joint. Thus, a one-joint
two-link disjointed unit IU-1 is chosen as the
direct-drive type disjointed MTL. By adding the
disjointed MTL to the jointed MTLs followed by

Ž .Figure 3. A 3-DOF GRM with a jointed unit. a The
Ž .structure matrix. b The arrangement sequences of

Ž . Ž .the units. c The canonical graph representation. d The
functional representation.
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rearranging coaxial links, the canonical graph repre-
sentation of this 3-DOF GRM with a jointed unit can
be obtained and is shown in Figure 3c. From Eqs.
Ž . Ž .32 and 35 , the structure matrix of the resultant
GRM with a jointed unit can be written as

g g gIU -1 IU-1 IU-1

Ž .0 g G �G GA� IU -1 JU-3, 11 JU-3, 12 JU-3, 22

0 g G g 0IU -1 JU-3, 11 TU-1

Ž .36

Ž .In Eq. 36 , the forward gains of associated dis-
jointed units and the forward gain matrix of JU-3
can be found in Tables I and II, respectively. To

Ž .eliminate the compound element in Eq. 36 , the
following equation must be satisfied:

e e e e87 96 67 39
G �G � � �0JU -3, 11 JU-3, 12 1�e e 1�e e67 96 67 96

Ž .37

Ž .Equation 37 leads to the following two condi-
tions:

Ž .e e �1 3867 96

Ž .e �e e e 3987 96 67 39

Thus, joint torques and actuator torques of the
GRM with a jointed unit can be related as

1 1 1
�� 2, 12, 1 0 0 e39 Ž .�� 40� 5, 1e e3, 2 87 58

0 0� �4, 3 9, 11�e e67 96

For the GRM with a jointed unit shown in
Ž .Figure 3d, Eq. 40 shows that the second MTL

transmits input torque to both the first and the third
joints while the second joint is jumped over without
any influence caused by the actuator on link 5.
Figure 3d shows a functional representation of the
GRM with a jointed unit with link 1 as the ground
link. It can be seen that link 6 is designed as a bevel
gear to mesh with bevel gears 7 and 9 simultane-
ously. Thus, gear ratios e and e are of opposite67 96

Ž .signs and Eq. 38 is always satisfied. Note that in
Figure 3d, gear links 10 and 11 are added as idlers
to extend the center distance between links 9 and

3 and to ensure the sign requirement as stated in
Ž .Eq. 39 .

6. CONCLUSION

In this article, a systematic methodology for the
kinematic analysis of GRMs with a jointed unit is
developed. The kinematic structure of a GRM with
a jointed unit can be decomposed into an equivalent
open-loop chain and jointed and disjointed MTLs. A
set of jointed MTLs can be further decomposed into
a jointed unit and several disjointed units while a
disjointed MTL consists of disjointed units only.

Ž .Relations between local input link s and output
Ž .link s of each jointed unit are formulated to derive

the kinematic propagation properties between con-
nected units. Accordingly, input angular displace-
ments of a GRM with a jointed unit can be system-
atically represented in terms of joint angular dis-
placements by a unit-by-unit evaluation procedure
without the need to solve a set of linear equations
simultaneously. It is shown that the jump-over ef-
fect can be achieved such that the influence of an
actuator to an articulated joint can be eliminated
without terminating the transmission to its succeed-
ing joint by proper joint unit selection and gear train
design.
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