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1. Introduction

A mechanism is said to be perfectly gravity-balanced if the weight of the links of the mechanism does not produce any torque at
the kinematic pair under static conditions, for any configuration of the mechanism within its workspace [1]. Gravity-balanced
planar manipulators can benefit from the increase of the power efficiency since no actuating force is required to sustain the system
payload. These manipulators have a wide range of applications on support apparatuses [2-15]. For example, a surgical tool can be
posed statically at any spontaneous posture by a gravity-balanced manipulator arm [8,16].

In the field of statically balanced mechanisms, a large number of designs of planar articulated manipulators are embedded with
parallel auxiliary links and elastic elements, e.g. springs [8-15,17-22]. Such springs produce an equal but opposite torque at each
revolute joint to that produced by the weight of manipulator links at any configuration to achieve the perfect balance. The parallel
auxiliary links provide the suitable locations of spring attachment points. The design approach is easy to apply for planar articulated
manipulators. However, the parallelogram structures of such designs have several disadvantages: (i) motion interferences between
the primary links and the auxiliary links may hinder the workspace of the manipulator; (ii) mechanical tolerances must be carefully
controlled to maintain the parallelism of auxiliary links; (iii) auxiliary links produce additional inertia to the system; and (iv) the
excess number of parts may reduce the robustness of the manipulator. More importantly, besides the auxiliary link method, a designer
has almost no foundation to determine the spring installation for a general planar articulated manipulator.

The nature of static balance of a system with springs is the energy exchanged equally between the gravitational potential
energy and the elastic potential energy. The gravitational forces, like spring forces, resist or assist the configuration change of a
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mechanism from an equilibrium configuration. In this paper, a generalized stiffness of mechanism based on the derivation of
potential energy is proposed. Such a generalized stiffness is formulated in a constant block matrix, referred to as a stiffness block
matrix, and is used for the analysis of static equilibrium. Traditionally, the stiffness matrix of a manipulator is derived from the
coordinate transformations between the actuator space and the end effecter space [23,24]. Such stiffness matrix is a relation
between the end effecter output forces and joint actuating torques, and it is configuration dependent [23,24]. The stiffness block
matrix of this paper is, however, configuration independent and constant for a mechanism with given dimensions and inertia.
Such quantity is physically close to the sense of the spring constant of Hooke's law.

In this paper, a methodology is developed to determine the spring installation for the design of statically balanced planar
articulated linkage without parallel auxiliary links. The spring installation is characterized by the connectivity of springs among
links, the selection of spring constants, and the locations of spring attachment points. The connectivity of springs among links is
referred to as the spring configuration. The spring configuration can be determined by the structure of a stiffness block matrix. The
locations of spring attachment points can be derived from the design equations directly obtained from the component matrices in
the stiffness block matrix. Since the configuration of mechanism is defined by each orientation of link, spring deformation is
associated with the rotational motions of links; manipulators containing prismatic joints are excluded from this study. In the final
part of this paper, exact solutions for the locations of attachment points are given with details in the examples of a spring-loaded
one-, two- and three- degree of freedom (DOF) articulated manipulators.

2. Stiffness block matrix representation of elastic potential energy

In a mechanical system, a stiffness matrix K = [k;] is used to express the potential energy U of the mechanical system displacing
from an equilibrium position, by means of the following equation:

U= %QTKQ 1)

where most often, Q is the matrix representation of a vector whose components are the generalized coordinates of the system, e.g.
Q=|04, 03,..., 0] for 6; as the joint angle of joint i.

Eq. (1) is widely used to analyze the equilibriums for some mechanical systems with joint compliances behaving like torsion
springs. However, mechanisms with linear spring installation are sometimes difficult to apply by the inability to preserve the
bilinearity of the formulation. Hence, if quantity 6; describes the angular displacement of a moving link with respect to a fixed link
in a planar linkage, a unit vector 6; can be defined as

6; = (COje; + (Sb;)e, )

where abbreviations C6 and S6 are denoted for cos(0) and sin(6), respectively, throughout the paper for the conciseness, and e; and
e, are the orthonormal vectors spanning a Cartesian plane XY, namely the working plane of the planar linkage.

For arigid body i, vector 6; is an arbitrary unit vector fixed on the rigid body. Angle 6; can be specifically measured counterclockwise
from the positive X-axis of an inertia frame to the positive direction of the unit vector. The matrix representation of vector 6; is

Q=1[Co; so,]" 3)

By Eq. (3), the orientation of the rigid body i on plane XY can be expressed uniquely. For a vector r of length r fixed to the same rigid
body i, the matrix representation R for vector r can be obtained by pre-multiplying Q; with a constant transformation matrix T:

1) = 150 57 o)
where ¢ is the relative angle, measured counterclockwise, between vector r and the unit vector 8; and angle ¢ is constant at any
configuration of the rigid body i.

Consider a zero-free-length spring with labeled number z, spring constant k, and its two ends attached arbitrarily to links x and
y of a serial kinematic chain as illustrated in Fig. 1, where link x is closer to the ground than link y. An ideal zero-free-length spring
can be made up with a pre-tensioned, normal spring and possibly with cables and pulleys [19-21]. The vectors of interest in Fig. 1
are a,, b, and r;, and they can be respectively represented by matrices A,, B, and R; as

A, = T(a, 0,)Q (5a)
B, = T(bzvﬁz)Qy (5b)
R; = T(1;, ¢)Q; (5¢)

where matrices A, and B, contain the positioning parameters of the spring attachment points on links x and y, respectively, and
vector r; is fixed on link i and pointing from one center of revolute joint to the other.
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Fig. 1. A spring z attached to links x and y.

For consistency throughout this paper, capital boldface, lowercase boldface and lowercase italic characters are used for

matrices, vectors and scalars, respectively.
The elastic potential energy “U of spring z can be obtained by the spring constant times the square of the spring deformation as

z 1 ] 21 = or Toar) [
U= ikz ‘ ) Z+1ri + bzfaz| = Ekz Z R; + B,—A, Z R; + B,—-A, (6)
1=X

i=x+1 i=x+1

By substituting Egs. (5a)-(5c) into Eq. (6), a bilinear form can be obtained as

Y ol(*B)q @)

2y —
]

ij=x

N —

where matrix “E; with indices i #j is

—k,AJB, = —k,T' (a,,0,)T(b,.3,) i=xj=y

g _ | AR = kT @) e)  i=x% = 1), 0 .
’ kRiB, = kT (r,@)T(b,.p,)  i=@x+1)~(y=1sji=y
KRR = kT 0, @)T(.¢)  dj#xysj>i
and
ZEji = ZEﬁT (9)

For matrix “E; with indices i =},

kATA, = k,d’T, i=x
By = KRR, = ki1, i=x+1,-y—1 (10)
k,BIB, = k,b’1, i=y

where I is the 2 x 2 identity matrix.
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Hence, a block matrix form of Eq. (7) can be expressed as

. ZExx ZEx(x +1) ZEx(yfl) ZExy
Qx zT z z Qx
E E E
1 Qx.-%— 1 X(x + 1) x+ Dx+ 1) (x + 1)y Qx.+ 1
‘U== : : : : (11)
nyl zT z z Q —1
Eyy-1 Ey_1)y-1 Ey_ A
Q, ZX(yT ) L Z(yT )y=1) Z(y ) Q,
Ey Ex 11y Ey-1y Eyy
Eq. (11) can be rewritten in a block matrix form as
2y = Lok - = lgeme 12
= 51Q'[Ky] [Q) = = ;€' (%K) (12)

where [*Kj] is a 2nx 2n block matrix and is denoted as *%, [Q;] is a 2n x 1 block matrix and is denoted as @ = [Qy, Qz,..., Q,]", while
“K;; is a 2x 2 component matrix, for i, j=1, 2,..., n, as

2o _ [*Eyforij=x(x+1)..,y
Ky = {0 else (13)

Block matrix ?J is referred to as the stiffness block matrix of spring z. The stiffness block matrix has n x n stiffness components
“Kj's, and 2nx 2n entries. For spring z is attached to links x and y, the stiffness block matrix has (y —x+ 1) x (y —x+ 1) non-zero
elastic components Ej;'s. Denote the installation configuration of the spring z as z(x, y). The resultant stiffness block matrix for
spring z(x, y) is constant and uniquely determined by parameters k;, a,, o, b, and (3. The associated block matrix Q is referred to as
the configuration block matrix of a planar manipulator. The configuration block matrix has nx 1 matrix components Q;'s, and 2n x 1
scalar components. The configuration block matrix is a geometrical measure of configuration change by the relative angular
displacement between any two links, including the moving links and the fixed link, in a planar linkage. Each configuration has a
unique configuration block matrix by the given angular displacement 6; of each articulated joint i. Elastic potential energy by
spring z for each configuration can be determined according to Eq. (12).

3. Stiffness block matrix representation of gravitational potential energy

Gravitational potential energy of a mechanism varies along with the configuration change of the mechanism. Consequently, the
gravitational force behaves physically as the spring force resisting or assisting the configuration change of the mechanism from an
equilibrium configuration. Hence, an intuitive idea is motivated to formulate the gravitational potential energy in the matched
form as that of Eq. (12). Due to the same reason that the bilinear form by the conventional basis Q = [0, 65,..., 0] is difficult to be
obtained, configuration block matrix ¢ is employed.

As illustrated in Fig. 2, the mass center position vector py of link x in a planar linkage can be obtained along a path passing all
centers of pre-connected revolute joints. The path starts from an origin of a fixed frame on the ground link, passes through each
link i, and then ends on link x. Thus, the mass center position vector p, can be represented by matrix Py as

x—1
Px = _Z] T(ria(pi)Qi + T(vaox)Qx (14)
i=
where T(sy, 0y)Qy represents the vector pointing from the center of joint connecting links (x — 1) and x to the mass center of link x,

as shown in Fig. 2.
The gravitational potential energy of link x can be obtained by

£y, = —m,G'P, (15)

where G is a 2x 1 column matrix representing the gravitational acceleration vector g of magnitude g, and is fixed to ground (link 1),
hence,

G=[gC(O; +7) &S0, + V)] =T(g.V)Q (16)

The total gravitational potential energy is the sum of Eq. (15) on index x as

T

U = -G' Y (m,P,) (17)
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Link1 4

Fig. 2. The mass center position vector of link x.

According to Eq. (14), the sum of m,R, for an n-link manipulator, x=1, 2, ..., n, can be obtained as

I

n
mP; = _Z]
i=

1

mT(s;, 07) + ( Xn: mj)ﬂﬁa@i)] Q; (18)
j=it1

Substituting Eqs. (16) and (18) into Eq. (17) yields

n
V=2 Do (19)
i=
where
n
D, =-T'(g.v) |:miT(Si¢O_i) + ( ZH mj>T(ri>§Di):| (20)
j=i
Matrix D; is a 2 x 2 matrix
—d. d
D, = i1 i2 21
! {_di‘z _dm} @D
where
n
diy = migsC(o;—) + < ZH mj>gric((Pi_'Y) (22a)
j=i
n
di, = mgs;S(0;—y) + ( Z;r] mj>gri5((Pi—V) (22b)
j=i

Since (QT;D; Q; ) is a scalar, it equals to its transpose (Q; D'; Q). The bilinear form of Eq. (19) can be expressed to a block
matrix form as

2D, D, D - D

n

Q T Q

e Di 0 oo

U=5|: D} 0 (23)
ol | Q

Hence, the stiffness block matrix £5 by the gravitational effects can be obtained as

1

U = Q' [K,] [0 = S € () € (24)

N
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where each component matrix K of the 2nx2n ¥ block matrix is
2D, i=1,j=1
D; i=1,j=2,3,..,n
DT
0 else

L j=1,i=23,..n

Matrix D; is referred to as a gravitational component in the stiffness block matrix. According to Eqs. (21), (22a) and (22b), a
gravitational component D; contains the dimensional and inertia parameters of the given planar manipulator. These parameters
affect the gravitational forces or moments acting on the planar manipulator. A given manipulator has a constant and unique
stiffness block matrix #K that characterize the effects of gravity at different configurations.

4. Stiffness block matrix under force isotropy condition

Assume that several springs are attached to a planar n-link manipulator to achieve a perfect gravity balance. The total potential
energy can be expressed by the use of Eqs. (12) and (24) as

U=fU+ YU = %&Tyae (26)

where the overall stiffness block matrix K is

K= [KU] = {gK,vj] + ; {ZKU} (27)
and K; =KJ.
Substituting Eq. (27) with Egs. (13) and (25) yields

2D, + Y Ey i=1,j=1
z

D; + ZZ:ZEU i=1j=23..n

K. — (28)
" Ipr+ ;ZE,E j=1,i=273...n

> Ey else

z

Each non-zero component matrix K; can be considered as a pseudo stiffness component embedded between links i and j. Change of
the relative angular displacement 6;=cos~'(Q Q;) between links i and j induces a variation of potential energy (Qf K;Q;/2) to the
system. Therefore, for a statically balanced system, all stiffness components between any two distinct links should be zeros, i.e., any off-
diagonal component matrix K; for i#j in K is a zero matrix as

D, + ;zEU =0 j=2,3,..,n (29a)
Y E; =0 i#1,j#1 (29b)
z
By the use of Eqs. (29a) and (29b), Eq. (26) becomes constant, configuration independent and equals to
1
U= itr(f]ii) (30)

According to the principle of static equilibrium [1], when the total potential energy is invariant with respect to the
configuration change of the attached links, the static equilibrium is achieved at any configuration of a mechanism.

Based on Eqs. (26) and (30), it is obvious that J ¢ = tr(K). For % is a diagonal block matrix, there exists a square root matrix
S such that £ =8" S. Thus, @K @=(" ST S €. Let L=S @ represent a vector of an n-dimensional space. Hence, it can be
obtained that £™& = tr(%). In particular for a 3-D space, it plots an isotropic sphere of radius [tr(J()]'/?. Hence, the condition of
Egs. (29a) and (29b) is referred to as an isotropic condition for stiffness block matrix, i.e., the balancing condition.

Itis also seen that, the isotropy may be contributed by the gravity-to-spring balancing as described in Eq. (29a), and the spring-
to-spring balancing [23] as depicted in Eq. (29b). Eq. (29a) involves both the gravitational and the elastic components, while
Eq. (29b) concerns only the elastic components. While gravity-to-spring balancing refers to the energy exchange between the
gravitational potential energy and the elastic potential energy, spring-to-spring balancing refers to that between the elastic
potential energies. Traditionally, gravity-balanced mechanisms with complex spring installations are sometimes difficult to
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identify the contribution of a single spring. With the block matrix formulation, analysis can be made more efficiently by knowing
the exact parameters involved in each entry of the block matrix.
By Egs. (10), (22a) and (22b), Eq. (30) can be expressed to scalar parameters as

N 1
U= —migsiCo=1)—( X, mJenCler— + X T3 (a) B1)
where

kaz i=x

G =S ki, i=x+1,x+2-y—1 (32)
kb: i=y

z

and N is the number of springs.
Eq. (31) is referred to as the pre-tensile energy in the planar manipulator. As long as each link is a rigid body, the pre-tensile
energy is constant. Since the pre-tensile energy results in internal forces of a mechanism, it is should be kept as small as possible.
According to the Lagrange mechanics, the virtual work 6U of an (n—1)-DOF system due to generalized forces 7;'s with
respective displacements 66;'s can be expressed as

—1
oU = ZT&O (33)
j=1

To be more specifically, quantity 6; represents the angular displacement of an articulated joint j, for j=1, 2,..., (n—1), and
generalized force 7; represents the joint torque of articulated joint j.

According to Eq. (26), the derived potential energy of the n-link, (n — 1)-DOF manipulator is described in an abstract (n—1)-
dimensional space constituted of the (n— 1) independent vectors 6;'s. In addition to the isotropic conditions, Eq. (26) can be
written as

1

U=5%

QK Q; (34)

uM:

Since K;; for i=2, 3,..., n is a 2 x 2 diagonal matrix, i.e. K; = k;l. Hence, by Eq. (34),

U= ko(cla) 35)
Since,
s(ofa) = 5201 G 39

Substituting Eq. (36) in Eq. (35) yields

n—1

_ < Tan
-r % <,lol ae) 37)

Comparing Eq. (37) with Eq. (33), the joint torque of articulated joint j can be obtained as

1 Tan
; kiiQ; ; (38)
where
0Q; (o0 for ij
% ~ sy corioric 59
and
Q%% — o (40

" 06,
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Substituting Eq. (38) with Eq. (40) yields 7;=0, the isotropic condition results in a zero joint torque for each joint j.
Furthermore, a force component can be observed from Eq. (38) as

Fi = kQj (41)

For i=2, 3,..., n, a force block matrix F={[F,, Fs,....F,]” can be defined. Under the isotropic conditions, Eq. (41) can be
generalized to

7 =R (42)

According to Eq. (38), the force block matrix can also be obtained by a linear transformation by the Jacobian block matrix
J = [0Q;/36;] as T=]J" & where T=|7;]. Hence, by defining a constant diagonal matrix as D= K"K and based on Eq. (42), it
yields

FE=E0"DC=1u®D) (43)

Hence, it is concluded that the force component is also isotropic in an (n — 1)-dimensional space. Note that, although vectors
6;'s are physically lying on a plane, a mathematical interpretation of an (n— 1)-dimensional space can be developed by the
independent scalars 6;'s.

Due to the success to integrate the formulation of gravitational potential energy with the elastic potential energy, design
parameters for spring installation can be obtained from the overall stiffness block matrix. Statically balancing conditions can be
achieved by maintaining the stiffness block matrix isotropic. The stiffness block matrix can also be used to examine the equilibrium
for planar manipulators with linear spring installations. Note that, the stiffness block matrix is a constant if and only if the
dimensional parameters of the mechanism are invariant, i.e. the distance between the centers of revolute joints must be constant.
Hence, planar manipulators with only revolute joints are considered in this paper.

5. Locations of spring attachment points

In this section, one spring installation configuration is found for the balancing of a single pendulum, and two spring installation
configurations are demonstrated for a double pendulum. The exact solutions for design parameters of all demonstrated spring
configurations are obtained.

5.1. Spring installation for a single pendulum (n=2)

Consider the stiffness block matrix 8% of a single pendulum,

2D, D
g — { 1 z} (44)
D, ©
where the off-diagonal component of interest is
D, — {_ngszc((’z_\/) m,85,5(0,—) } (45)
2 —Mygs,S(0,—Y)  —mygs,C(0,—)

Since D, is the (1, 2)th component of the stiffness block matrix, a spring 1(1, 2) fitted between link 1 (ground) and link 2 is
employed. The stiffness block matrix of Eq. (44) is then modified as

50— {ZD] +'Ey Dy + 'Ep )
D; + 'E, 'Ey,
where, according to Eq. (8), elastic component 'E;; is
1E12 — {_klalblc(ﬁl —oy)  kaybS(B—ay) ] (47)
—kyayb1S(B1—0y)  —kyaybC(B—ay)
According to Eq. (29a), letting matrix [D; + 'E;,] be a zero matrix yields two effective design equations as
kia;b;C(By—ay) + mygs,C(o,—y) =0 (48a)

kya;b1S(B1—0y) + mygs,S(o,—y) =0 (48b)
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Fig. 3. A gravity-balanced one-DOF manipulator.

Summing the squared Egs. (48a) and (48b) yields

kia;b; = m,gs, (49a)
Dividing of Eq. (48a) by Eq. (48b) yields

Bi—oy =0,=ytm (49b)

Eq. (49a) is the well-known design equation for the spring balancing of single pendulum [1,19,20,25,26], where spring
parameters kq, aj, by, &y and 3; can be determined. The spring installation of a single pendulum is illustrated in Fig. 3.

5.2. Spring installation for a double pendulum (n=3)

5.2.1. Spring configurations for a double pendulum (n=3)
Consider stiffness block matrix 2 of a double pendulum,

2D, D, Dy
SR = 0 o

0

(50)

Since all matrix components on the lower triangle of a stiffness block matrix are the transpose of the ones on the upper triangle,
they are henceforth blanked for conciseness. In order to eliminate the component Ds on the (1, 3)th entry, a spring 1(1, 3) is
installed. The stiffness block matrix becomes

1 1 1
] s 2D, + 'E;; Dy, + 'E;y D3+ 'Eg
K+ "MK = "By "Epy (51)
1
Es;

Observed from Eq. (51), since the elastic component 'E,s is a non-zero matrix with non-zero parameters k; and by, a second
spring is required for all off-diagonal components to be zero. In this case, the spring-to-spring balancing is applied. The two
possible configurations for spring 2 are 2(2, 3) and 2(1, 3). Note that, spring 2 with configuration (1, 2) is unable to balance
component 'E,3 on entry (2, 3). Corresponding stiffness block matrices, % and %, of the two possible configurations are
expressed, respectively, as

2D, +'E,;, D, +'E;, D;+'E;
Fy =% + "M g + P g = "By + 2B,y Eyp + 2Ey (52)
"Ey; + “Egs
and

. . 2D, + 'E;, + *E;;, D, +'E;, +°E;, Ds; + 'E;3 +’E5
Fy =% +'"Vx + g = 'E,, + 2E, "By + 2Eps (53)
1 2
E33 + E33

[llustrative figures for configurations I and II are shown in Fig. 4(a) and (b), respectively. Both configurations can result in a
same installation with one end of spring 2 attached to the center of the ground pivot. The spring installation with such an extreme
location of spring attachment points has been proposed and investigated [27].
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5.2.2. Configuration I: a mono-articular spring and a bi-articular spring

Consider the spring configuration in Fig. 4(a) where springs 1(1, 3) and 2(2, 3) are referred to as a bi-articular spring and a
mono-articular spring, respectively. The “articular” is termed according to the number of articulated joints a spring is spanned
over.

By letting the three off-diagonal components, K3, K;, and K33, of K be zero matrices, six design equations can be obtained
as

kia;b1C(B;—) +d3; =0 (54a)
kiayb1S(By—ay) +d3, =0 (54b)
kiayr,C(@y =) +dyy =0 (540)
kya Sy —0y) +dyp =0 (54d)
—kirab C(B1—@;) + kya3b,C(By—y) = 0 (54e)
—ki1biS(B1—=@2) + kya3b,S(By—0;) =0 (54f)

Let spring parameters kq, k, be given parameters. Length a; can be first determined by the sum of squares of Egs. (54c) and
(54d) and angle «; can be obtained by the inverse tangent function by dividing Eq. (54d) with Eq. (54c) as

Va3, +d3
2.1 22 (553)

a, =
1 ki1,

oy = (Pl_ta’f1 (d2,2/d2.1) (55b)

Once parameters a; and o are determined, parameters b; and [3; can be obtained by Eqgs. (54a) and (54b) as

V3 + 3
o 31 32 (56&)

L kya,
B'l = 04 + tan_l (dg‘z / d3‘]> (SGb)

Finally, with Egs. (54e) and (54f),

@b, = % (57a)
By—0y = Bi—¢, (57b)

(a) (b)
Link 3

Fig. 4. The spring installation of a double pendulum with (a) a mono-articular spring and a bi-articular spring; and (b) two bi-articular springs.
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X

Fig. 5. A statically balanced three-DOF manipulator.

The parameters a,, b,, o, and 3, on the left-hand sides of Eq. (57) can be determined.

5.2.3. Configuration II: two bi-articular springs
Consider the spring configuration in Fig. 4(b) with two bi-articular springs. By letting the three off-diagonal components, Kjs,

K, and K»s, of J;; be zero matrices, six design equations can be obtained as

kia;b1C(By—ay) + kyaybyC(By—0) + d3; =0 (58a)
kiaibyS(By—ay) + kyayb,S(By—ty) + d3p =0 (58b)
ka1, (@ =) + kyay1aC(y—05) + dy =0 (58¢)
kia;13S(@y—0y) + kyaa1pS(@, =) + dyp =0 (58d)
kirab1C(B1—@,) + karybyC(By—¢;) = 0 (58e)
kirpbiS(B1—@2) + karabyS(By—¢,) = 0 (58f)
Let spring parameters k, k», a, and o, be given parameters. Summing the squared Egs. (58¢) and (58d) yields
(kjayry)* = [kzazrzc(@z_az) + ‘12.1]2 + {kzaerS((pz—az) + dz.z]2 (39)

Length a; can be first determined by the given parameters on the right-hand side of Eq. (59). Substituting parameter a; in Eqs. (58¢)
and (58d) yields angle c;. Then, summing the squared Egs. (58e) and (58f) yields the relations for parameters by, b, 31 and 3,

k,b, = k;b, (60a)
Table 1
Dimensional and inertia parameters of the three-DOF manipulator (data given in kg, m).
Link i m; Si Ti
2 4.55 127 127
3 11.42 378 757

4 42.60 .140
@i=0;=y=0
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Spring design parameters of the three-DOF manipulator (data given in N/m, m, degree).

Spring i ki a; o b; Bi
1 1000 491 180 119 0
2 600 127 180 198 180
3 8000 .010 180 151 180
By=p (60b)
Using Egs. (60a) and (60b) and replacing parameters b, and 3, in Egs. (58a) and (58b) with parameters b, and (3, yield
kya; b C(By—a)—kyayb C(By—ay) + d3; =0 (61a)
kya,b1S(B1—0t)—kya;b,S(B1—0y) +d3, =0 (61b)
Applying the sum and difference formulas for the sine and cosine functions in Eqs. (61a) and (61b) yields
Ap1(b1CBy) + Aqp(b1SBy) = —ds;4 (62a)
Ay (b1CB1) + Ay (b1SBy) = —ds, (62b)
where
Ay = Ay = k(a;Coy —a,Coay) (63a)
A = —Ay = k(@504 —a,5a,) (63b)

Since coefficients Aqq, A2, A1 and Ay, are constituted of determined parameters, Eqs. (62a) and (62b) can be solved by the

Cramer's rule as

b,CB; = = (64a)
A
b,SB; = KZ (64b)
where
A A
A = 11 12 65a
Ay Ap (659)
_|—dsy App
A= ’_dz.z Ap (65b)
_ A —dsy
A, = Ay —d3;2 (65¢)
1500.0
e Elastic potential energy
£ e ~e
ZL 1000.0 re S
2 I i O it =
] Total potential energy S
C  500.0 o R
(7}
S
5
E 0.0
Gravitational potential energy
n -500.0 . - - .
¥ Joint 2 0.0 10.0 20.0 30.0 40.0 50.0
Time (sec)

Fig. 6. A simulation model of the three-DOF manipulator.
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Fig. 7. The input torques of the three-DOF manipulator before and after static balance.

Length b, can be derived by summing the squared Eqs. (64a) and (64b), and angle b; can be obtained by the inverse tangent
function from dividing Eq. (64b) with Eq. (64a) as

\/A? + A3
by =+ (66a)

Py = tan” (B, / Ay) (66b)

Parameters b, and 3, can be solved by Egs. (58a) and (58b) with the substitutions of determined parameters.

In the current studies of the auxiliary link method, two general arrangements of the auxiliary links were proposed; one is
familiar as a structure of serially connected parallelogram linkages wherein each parallelogram is installed with a single spring
[18,19]; the other one uses the parallel auxiliary links to identify the overall mass center position of the mechanism, and one of the
installed springs must be fitted between the base and the mass center [28,29], this arrangement may require a larger operating
space for the spring pending on the position of the masse center. In comparison to both arrangements, the design without auxiliary
links in the paper can disregard the motion interferences between the auxiliary links and the primary links, and avoid any of the
singularity problems which may occur, and thus, simplify the design process. However, using the multi-articular springs though
may force these springs traversing a potentially large workspace. By selecting springs with appropriate stiffness, it may yield a
design with spring attachment points close to the rotation centers of articular joint, i.e. short lengths g; and b;. Consequently, the
operating space of the multi-articular springs can be minified.

6. An isotropic three-DOF articulated manipulator

The design example demonstrated in this section is a three-DOF (n=4) articulated manipulator. A stiffness block matrix K
with 4 x 4 component matrices and six off-diagonal components on its upper triangle is considered. A total number of 2 x 6 design
equations can be derived. Since a spring z can provide four design parameters, namely a,, o, b, and (3,, to the design equations,
three installed springs provide with a total number of twelve design parameters. For links 1, 2, 3 and 4 of the manipulator, springs
1, 2 and 3 are installed with unrepeated spring configurations 1(1, 4), 2(2, 4) and 3(1, 3), respectively. Apply the sum and
difference formulas for the sine and cosine functions to the twelve design equations, and define twelve auxiliary variables X; 's for
i=1,2,..12as

X; = a;C(e), Xy = a;S(q), X5 = b1C(By), Xy = b1S(By),
Xs = a,C(0),Xs = 0,5(02), X7 = b,C(B;),Xs = b,S(B,), (67)
Xo = a5C(03), X190 = a55(013), X1 = b3C(B3), X12 = b3S(B3)
The twelve design equations can be represented by
];-(XNXZ,"‘,XQ) =0 j=1,2,..,12 (68)

For a given three-DOF articulated manipulator as shown in Fig. 5, the inertia and dimensional parameters of the manipulator
are listed in Table 1. In addition to the arbitrarily selected k4, k, and ks, the numerical solutions of X;'s in Eq. (68) can be simply
solved with the “NSolve” function in software Mathematica. The resultant design parameters are tabulated in Table 2. The exact
solutions of Eq. (68) are described in details in Appendix A, and they are consistent with the numerical solutions.

A simulation model is built in ADAMS as shown in Fig. 6. The gravitational potential energy and the elastic potential energy are
plotted in Fig. 6 by an arbitrarily given task of the manipulator. The total potential energy remains constant at any configuration.
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The static force on the end effecter is zero in all directions on the working plane. Fig. 7 illustrates the comparison of the static input
torques with and without springs, where the dashed and solid curves respectively represent the input torques of joints 1, 2 and 3,
i.e. T, 7> and 73, before and after statically balancing. It is observed that, all input torques are greatly reduced since large gravity
forces are counterbalanced, and the representative curves are all very close to the zero line in Fig. 7.

6. Conclusions

In this study, a methodology is developed to determine the spring installation for the design of a statically balanced planar
articulated manipulator without parallel auxiliary links. In comparison to the auxiliary link method, the design without auxiliary
links in the paper can disregard the motion interferences between the auxiliary links and the primary links, and avoid any of the
singularity problems which may occur, and thus, simplify the design process. The methodology proposed in this paper can be
generally applied for planar articulated manipulators and hence provide an alternative, and also attractive, design approach. Two
major matrices are proposed, namely the configuration block matrix and the stiffness block matrix. By the stiffness block matrix
representation, spring configurations can be determined through the placements of elastic and gravitational components in the
block matrix. An isotropic stiffness block matrix provides the design equations for the determination of spring attachment points.
Exact solutions of the design equations are given with details in the examples of a spring-loaded one-, two- and three-DOF
articulated manipulators, in which, the spring installation of the three-DOF gravity-balanced manipulator is novel. Simulation
results showed that the static equilibrium is achieved at any reachable region of the manipulators.

Appendix A

The twelve design equations of Eq. (68) can be written as

kyaybif(B1—oy) +dyy =0 (A1)
kyarsf (o3 —a) + ksasbsf(Bs—os) +ds ;) =0 (A2)
kyaqrof (0, —a) + k3asraf (b —os) + dy ;) = 0 (A.3)
—kirbif (Bi—@,) + kaasbof (B —y) = 0 (A4)
—ki1a13f (©3=@,) + ky@a13f (O3 =0ty ) —ksTabsf (B3 —dy) = 0 (A5)
kirsbif (B1—@3) + kyr3byf (By—¢3) = 0 (A6)

where f(*) represents C(*) or S(*), and correspondingly d; s, is di; (or d;i2) when f represents a cosine (or a sine) function.
Eq. (A4) yields

kyryb; = kya,b, (A7)

Bi—¢; = By~ (A.8)
Eq. (A.6) yields

kirsby = kyr3b, (A.9)

Bi—@3 =By—@3 £ 1 (A.10)
Dividing Eq. (A.7) with Eq. (A.9) yields

) =T, (A11)
Subtracting Eq. (A.10) from Eq. (A.8) gives

=@, +m (A12)
Substituting Eqs. (A.11) and (A.12) into Eq. (A.5) yields

(ky + ko)rarsf(@3—@;) + ksrabaf(Bs—¢@,) = 0 (A13)
Hence, parameters bs and 33 can be determined as

by = (k; + ky)r3 / k3 (A.14)
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Bs=d3tm (A15)

Let Y1 =a:C(ay), Ya=0a:S(), Y3=0a3C(os) and Y4 = asS(os). Applying the sum and difference formulas for the sine and cosine

functions in Eqs. (A.2) and (A.3) yields a linear system with four equations as

wh

acc

4
> A;Y; =B, j=1,2,3,4 (A.16)

i=1

ere A; and B; are constituted of determined parameters.
With the Cramer's rule, auxiliary variables Y, Y, Y3 and Y, can be solved. Parameters a;, &4, asz and oz can be also determined
ordingly. Finally, with Eq. (A.1), parameters b, and 3; can solved as

\/diq + dj
_ 41 42 (A17)

= kya,
B =y + tan_](d“ /d‘“) (A.18)

Substitute Egs. (A.17) and (A.18) into Egs. (A.9) and (A.10), respectively. Parameters b, and 3, can be obtained.
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